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ABSTRACT 


The  basic  aims  of  this  research  program  have  been  to  study  the  mechanical 
properties  and  constimtive  relations  of  granular  materials  that  support  the  applied  loads 
through  interparticular  frictional  contacts,  and  to  relate  these  to  the  granular  fabric,  both 
stress-induced  and  inherent.  To  this  end  a  coordinated  experimental  and  theoretical 
program  was  followed  in  order  to  identify: 

1.  Effective  parameters  that  measure  the  fabric  of  granular  masses. 

2.  The  difference  between  inherent  and  induced  fabric,  and  the  influence  of  each  on  the 
constitutive  response  of  the  material 

3.  Parameters  which  measure  the  evolution  of  fabric  in  the  course  of  a  given  overall  load 
or  deformation  history 

4.  the  relation  between  fabric  and  the  overall  stress  and  deformation 

5.  Constitutive  relations  which  directly  involve  fabric  measures  and  the  measure  of  their 
evolution,  and  hence,  are  based  on  the  fundamental  microstnictural  events  which  give  rise 
to  nonlinear  material  response 

The  experimental  work  included  tests  on  large  hollow  cylindrical  samples  of  granular 
materials  (sands),  where  a  true  three-dimensional  stress  state  can  be  produced  in  the 
sample.  Accurate  measurements  of  forces  and  associated  displacements  were  made  in  the 
unique  state-of-the-art  testing  facilities  of  the  Principal  Investigator,  at  the  University  of 
California,  San  Diego  (UCSD).  Parallel  to  this,  a  series  of  model  experiments  on  two- 
dimensional  photoelastic  rods  with  oval  cross  section  was  also  performed.  By  means  of 
photoelastic  procedures,  the  history  of  the  evolution  of  the  microstructure  was  recorded  for 
simple  shear  loading  paths.  Using  the  existing  image  analysis  facilities,  the  photoelastic 
pictures  were  analyzed,  major  microstmctural  features  were  identified,  and  were  related  to 
the  overall  stress  and  deformation  histories,  using  stereological  techniques,  as  well  as  by 
direct  measurement  of  fabric  parameters.  The  experimental  studies  were  closely 
coordinated  with  the  micromechanical  modeling.  This  report  includes  the  scientific 
findings  of  this  research  program. 
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1.1  INTRODUCTION 


A  fundamental  approach  was  followed  in  this  program  in  order  to  de*'elf)p 
physically-based  constimtive  relations  for  granular  materials.  The  program  included  the 
following  steps: 

1.  Micromechanical  observations,  in  order  to  identify  the  major  microscopic  features  that 
produce  the  overall  nonlinear  macroscopic  response  and  associated  failure  modes; 

2.  Micromechanical  modeling  of  the  identified  mircroscopic  features  on  the  basis  of 
rigorous  mechanics  principles  and  systematic  mathematical  deduction  of  the  macroscopic 
consequences  of  the  model; 

3.  Systematic  experiments  on  carefully  prepared  and  reproducible  samples,  in  order  to  test 
the  validity  of  the  model  results,  and  hence,  the  model's  basic  assumptions; 

4.  Macroscopic  constitutive  models  which  encompass  the  experimentally  verified 
micromechanical  features;  and 

5.  Systematic  experiments  to  test  the  validity  of  the  constitutive  results  and  to  quantify  the 
constitutive  parameters  of  the  model. 

Theoretical  modeling  at  both  the  microscopic  and  macroscopic  levels  was  pursued, 
guided  by  systematic  experimental  observation  at  both  the  microscale  and  macroscale, 
which  provided  vital  information  on  the  physics  of  the  process. 

The  micromechanics  of  granular  flow  was  studied  in  simple  shear  and  in  biaxial 
loading  by  using  photoelastic,  rod-like  granules  with  circular  and  oval  cross  sections. 
Based  on  these  observations,  overall  stress  and  deformation  measures  were  calculated 
using  fabric  tensors  which  characterize  the  microstrurture  of  the  granular  mass,  and 
relations  between  the  overall  stress  and  various  measures  of  the  fabric  have  been  carefully 
studied.  These  results  have  been  summarized  in  Mehrabadi  etal.  (1988)  and  in  Subhash  et 
al.  (1991).  Of  particular  importance  are  two  major  findings  which  contradict  some 
commonly  held  views.  They  are:  (1)  in  general,  a  second-order  tensor  which  represents 
approximately  the  distribution  of  contact  normals  is  not  coaxial  with  the  stress  tensor, 
although  i:s  principal  oirections  follow  those  of  the  stress  tensor  in  a  determinable  manner; 
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and  (2)  in  general,  the  distribution  of  contact  normals  or  unit  branches  cannot  be  adequately 
represented  by  a  second-order  tensor. 

Furthermore,  under  this  project,  we  have  studied  several  alternative  theories  for 
quantifying  the  incremental  measures  of  local  (micro)  deformation  and  forces,  and  related 
them  to  the  relative  sliding  and  rolling  of  granules,  their  frictional  contact  forces,  and  the 
statistical  classes  that  encompass  a  set  of  granules  associated  with  a  particular  orientation  of 
either  contact  normals  or  unit  branches.  This  study  has  produced  a  fundamental  and 
definitive  representation  of  incremental  deformation  measures  and  stress  measures  at  the 
microlevel,  based  on  subdividing  contacts  into  classes  with  common  contact  normal 
orientations,  and  identifying  each  class  as  a  micro-element;  see  Mehrabadi,  Loret  and 
Nemat-Nasser  (1991). 

In  collaboration  with  Professors  B.  Loret  of  Grenoble,  France,  and  M.  Mehrabadi 
of  Tulane  University,  a  new  approach  has  been  developed,  based  on  a  general  tensorial 
relation  between  local  kinematical  quantities  and  global  ones,  including  the  effect  of  overall 
stress  and  fabric.  The  basic  framework  for  a  general  theory  in  two  dimensions  has  thus 
been  established.  Based  on  it,  and  the  Taylor  averaging  scheme,  the  overall  rate- 
constitutive  relations  have  been  developed;  Mehrabadi,  Loret  and  Nemat-Nasser  (1991). 

Parallel  with  the  theoretical  work  and  micromechanical  experimental  validation,  we 
have  studied  the  effect  of  fabric  (both  inherent  and  induced)  on  the  strength,  and  the 
liquefaction  and  densification  potentials,  of  cohesionless  granules.  This  experimental  work 
involved  both  deformation-controlled  and  stress-controlled  cyclic  testing  under  complete 
computer-controlled  conditions.  It  has  resulted  in  several  new  observations  which  correct 
some  (incorrect)  commonly  held  views  that  were  based  on  experimental  results  obtained  by 
means  of  less  advanced  experimental  techniques  and  facilities.  In  particular,  we  have 
found  that  preliquefaction  does  not  necessarily  result  in  a  sample  highly  susceptible  to 
reliquefaction:  it  may,  in  fact,  strengthen  the  sample,  depending  on  the  residual  fabric, 
Okada  and  Nemat-Nasser  (1991). 

In  the  course  of  the  above-mentioned  experimental  study,  we  have  obtained  some 
interesting  results  which  seem  to  suggest  a  unique  relation  between  the  pore  pressure 
buildup  and  the  associated  energy  input,  at  least  for  virgin  samples  in  strain-controlled 
tests;  Okada  and  Nemat-Nasser  (1991).  Attachment  6  contains  these  results.  The  strain 
amplitude  ranges  from  0.2  to  4.0%,  in  cyclic  strain-controlled  tests.  They  lead  to  a  unique 
pore  pressure-energy  relationship.  The  effects  of  initial  fabric  were  included  by 
prestraining  and/or  preliquefying  the  samples.  Based  on  micromechanics,  a  physically- 
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based  model  has  been  developed  for  this  phenomenon,  including  the  effects  of  fabric;  see 
Attachment  6. 


1.2  PUBLICATIONS  COMPLETED  UNDER  GRANT  AFOSR  87-0079 
LIST  OF  PAPERS  PUBLISHED 

Mehrabadi,  M.M.,  S.  Nemat-Nasser,  H.M.  Shodja  and  G.  Subhash,  "Some  Basic 
Theoretical  and  Experimental  Results  on  Micromechanics  of  Granular  Flow", 
Micromechanics  of  Granular  Materials,  M.  Satake  and  J.T.  Jenkins  (eds),  Elsevier  (1988), 
253-262. 


Nemat-Nasser,  S.,  "Effect  of  Fabric  on  Liquefaction  and  Densification  of  Saturated  Soil: 
Experiments  and  Theory,"  Micromechanics  of  Granular  Materials,  M.  Satake  and  J.T, 
Jenkins  (eds),  Elsevier  (1988),  202-205. 

Nemat-Nasser,  S.,  "Anisotropy  in  Response  and  Failure  Modes  of  Granular  Materials," 
Yielding,  Damage  and  Failure  of  Anisotropic  Solids  (EGF5),  Proceedings  of  the 
lUTAM/ICM  Symposium,  August  (1987),  Mechanical  Engineering  Publications,  J.P. 
Boehler  (ed.),  London,  (1990),  33-48. 

Subhash,  G.,  S.  Nemat-Nasser,  M.M.  Mehrabadi  and  H.M.  Shodja,  "Experimental 
Investigation  of  Fabric-Stress  Relations  in  Granular  Materials",  Mechanics  of  Materials, 
Vol.  11,  No.  2  (1991),  87-106. 

LIST  OF  PAPERS  SUBMITTED 

Mehrabadi,  M.M.,  B.  Loret  and  S.  Nemat-Nasser,  "Incremental  Constitutive  Relations  for 
Granular  Materials  Based  on  Micromechanics,"  Proceedings  of  the  Royal  Society  of 
London,  submitted  5/91 

Mehrabadi,  M.M.,  B.  Loret  and  S.  Nemat-Nasser,  "A  Constitutive  Model  for  Granular 
Materials  Based  on  Micromechanics, "presented  at  the  Second  US-Japan  Seminar  on 
Micromechanics  of  Granular  Materials,  Clarkson  University,  NY,  August  5, 1991, 
submitted  9/91 


-4- 


Nemat-Nasser,  S.  and  B.  Balendran,  "Micromechanics  of  Flow  and  Failure  Modes  of 
Particulate  Media  Over  a  Wide  Range  of  Strain  Rates",  presented  at  the  2nd  US-Japan 
Seminar  on  Micromechanics  of  Granular  Materials,  Clarkson  Univ.,  NY,  August  5, 1991. 

Okada,  N.  and  S.  Nemat-Nasser,  "Energy  Dissipation  in  Inelastic  Flow  of  Cohesionless 
Granular  Media",  submitted  12/91 


1.3  ABSTRACTS  OF  PUBLICATIONS 


1.3.1  Mehrabadi,  M.M.,  S.  Nemat-Nasser,  H.M.  Shodja  and  G.  Subhash,  "Some  Basic 
Theoretical  and  Experimental  Results  on  Micromechanics  of  Granular  Flow", 
Micromechanics  of  Granular  Materials,  M.  Satake  and  J.T.  Jenkins  (eds),  Elsevier 
(1988),  253-262. 

In  order  to  establish  guidelines  for  modeling  the  macroscopic  behavior  of  granular 
materials,  an  experimental  study  of  the  evolution  of  the  microstructure  of  an 
assembly  of  granular  materials  under  a  uniform  confining  pressure  and  subjected  to 
a  pure  shear  was  conducted.  The  granular  material  used  in  the  study  consisted  of 
photoelastically  sensitive  rod-shaped  particles  of  oval  cross-sections.  It  was  found 
that  (i)  the  distribution  of  branches  and  contact  normals  are  almost  identical,  (ii)  the 
second-rank  fabric  tensor  does  not  adequately  describe  the  microstructure  of  highly 
anisotropic  samples,  (iii)  the  density  of  contacts  whose  normals  lie  along  the  major 
and  minor  principal  stress  axes,  varies  sharply  initially  and  then  approaches  a 
constant  value  in  the  course  of  deformation,  and  (iv)  the  density  of  contacts  with 
planes  parallel  to  the  maximum  shear  stress  plane  remains  practically  constant 
throughout  the  deformation. 


1.3.2,  Nemat-Nasser,  S.,  "Effect  of  Fabric  on  Liquefaction  and  Densification  of  Saturated 
Soil:  Experiments  and  Theory,"  Micromechanics  of  Granular  Materials,  M.  Satake 
and  J.T.  Jenkins  (eds),  Elsevier  (1988),  202-205. 

It  has  been  known  that  the  inherent  and  induced  anisotropy  or  fabric  has 
considerable  influence  on  the  response  and  failure  modes  of  granular  masses. 
Some  definitive  recent  experiments  which  clearly  demonstrate  this  phenomenon  in 
relation  to  the  densification  and  liquefaction  potential  of  saturated  san^s,  are  briefly 
reviewed,  together  with  associated  micromechanically  ba.sed  theoretical 
observations. 


1.3.3.  Nemat-Nasser,  S.,  "Anisotropy  in  Response  and  Failure  Modes  of  Granular 
Materials,"  Yielding,  Damage  and  Failure  of  Anisotropic  Solids  (EGF5), 
Proceedings  of  the  lUTAMyJCM  Symposium,  August  (1987),  Mechanical 
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Engineering  Publications,  J.P.  Boehler  (ed.),  London,  (1990),  33-48. 


This  review  addresses  some  recent  experimental  and  theoretical  studies  of  the 
mechanical  properties  of  particulate  media  which  support  applied  overall  loads 
through  individual  contact  resistance.  We  emphasize  the  inherent  and  induced 
fabric  or  anisotropy  and  its  influence  on  the  response  and  failure  modes  of  this  class 
of  materials.  TTie  experimental  studies  include:  (1)  model  experiments  on 
photoelasiic  granular  rods  with  circular  and  elliptical  cross-sections,  in  biaxial  as 
well  as  simple  shear  cyclic  loading;  and  (2)  dilatancy,  liquefaction,  and  the  overall 
stress-deformation  relations  studies  on  simple  shearing  apparatus  and  also  on  large 
hollow  cylindrical  samples  of  sand  under  complex,  three-dimensional  monotonic  as 
well  as  cyclic  stress  paths.  These  experiments  are  designed  in  coordination  with 
theoretical  micromechanical  models  in  order  to  bring  out  the  major 
micromechanisms  that  are  responsible  for  the  observed  highly  path  dependent 
behaviour  of  granular  materials.  The  issues  of  inherent  and  induct  anisotropy  or 
fabric  and  their  effects  on  the  overall  response  of  the  material  are  of  particular 
interest  in  these  experiments.  The  theoretical  studies  emphasize  recent 
micromechanically-based  models  of  granular  flow,  which  specifically  seek  to 
understand  and  quantify  relevant  measures  of  anisotropy  or  fabric,  and  the  relation 
between  fabric  measures  and  the  overall  stress  tensor. 


1.3.4.  Subhash,  G.,  S.  Nemat-Nasser,  M.M.  Mehrabadi  and  H.M.  Shodja, 

"Experimental  Investigation  of  Fabric-Stress  Relations  in  Granular  Materials", 
Mechanics  of  Materials,  Vol.  11,  No.  2  (1991),  87-106. 

A  brief  summary  of  some  relevant  theoretical  and  experimental  results  on  the 
microscopic  aspects  of  the  response  of  granular  masses  is  presented.  The  results  of 
a  series  of  experiments  involving  simple  shearing  under  a  constant  confining 
pressure,  performed  on  photoelastic  rod-like  granules  (plane  strain)  are  reported. 
In  these  experiments,  the  components  of  various  fabric  tensors  are  measured,  and 
their  variations  over  one  cycle  of  shearing  are  examined  and  compared.  The 
orientations  of  the  principal  axes  of  all  commonly  used  fabric  tensors  are  observed 
to  change  sharply  with  the  reversal  of  the  shearing  direction.  It  is  also  concluded 
that,  in  general,  second-order  fabric  tensors  are  not  adequate  to  accurately  describe 
the  distribution  of  fabric  measures  such  as  the  distribution  density  function  of  unit 
contact  normals  or  unit  branches  which  are  unit  vectors  along  line  segments 
connecting  the  centroids  of  adjacent  contacting  granules.  This  is  particularly  so 
when  the  response  of  the  granular  mass  is  highly  anisotropic.  Finally,  the 
expression  for  the  macroscopic  stress  in  terms  of  the  contact  forces  and  other  local 
quantities,  is  reviewed  and  its  experimental  verificaticn  is  discussed. 


1.3.5.  Mehrabadi,  M.M.,  B.  Loret  and  S.  Nemat-Nasser,  "Incremental  Constitutive 
Relations  for  Granular  Materials  Based  on  Micromechanics,"  Proceedings  of  the 
Royal  Society  of  London,  submitted  5/91 

Micromechanically-based  constitutive  relations  for  two-dimensional  flow  of 
granular  materials  are  presented.  First,  the  relations  between  the  overall  stresses 
and  the  relevant  microscopic  quantities,  namely,  the  interparticle  forces,  the  density 
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and  orientation  of  contact  unit  normals,  as  well  as  the  average  size  of  the  particles, 
are  obtained.  Then,  the  kinematics  is  examined,  and  the  overall  velocity  gjadieni  is 
related  to  measures  characterizing  the  relative  sliding  and  rotation  of  granules.  A 
significant  concept  underlying  all  these  developments  is  the  notion  of  the  class  of 
contact  unit  normals  with  a  continuously  evolving  distribution  function,  even 
though  individual  members  of  various  classes  may  change  discontinuously,  as 
contacts  are  lost  and  new  contacts  are  developed  in  the  course  of  granular  flow. 
Then,  simple  local  constitutive  relations  are  introduced  for  the  rate  of  change  of  the 
contact  forces,  the  evolution  of  the  contact  normals,  the  mechanism  of  local  failure, 
and  the  density  of  contacts  in  a  particular  class.  This  leads  to  macroscopic  rate 
constitutive  equations  through  a  Taylor  averaging  method.  Due  to  the  nonlinearity 
of  the  rate  constitutive  equations,  the  response  is  computed  by  an  increment^ 
procedure.  As  an  illustration,  the  overall  response  of  a  two-dimensional  assembly 
of  disks  subjected  to  an  overall  shearing  deformation  is  determined.  In  addition, 
explicit  results  are  presented  for  the  evolution  of  fabric,  contact  forces,  and  the 
history  of  active  and  inactive  classes  of  contacts.  The  stress-strain  relations  and  the 
evolution  of  fabric  and  contact  forces  are  in  excellent  qualitative  agreement  with  the 
observed  behavior  of  granular  materials.  In  light  of  these  results,  the  mechanisms 
of  failure  and  inelastic  deformation  of  dense,  as  well  as  loose  granular,  materials  are 
discussed. 

Although  most  features  of  the  model  could  be  readily  generalized  to  three 
dimensions,  for  simplicity,  the  discussion  is  limited  to  planar  deformation. 


1 .3.6.  Mehrabadi,  M.M.,  B.  Loret  and  S.  Nemat-Nasser,  "A  Constitutive  Model  for 
Granular  Materials  Based  on  Micromechanics, "presented  at  the  Second  US-Japan 
Seminar  on  Micromechanics  of  Granular  Materials,  Clarkson  University,  NY, 
August  5, 1991,  submitted  9/91 

A  recently  proposed  constitutive  model  for  two-dimensional  flow  of  granular 
materials  is  briefly  reviewed  and  some  numerical  results  are  presented  in  this  paper. 
First,  the  concept  of  fabric  and  the  relations  between  the  overall  stresses  and  the 
relevant  microscopic  quantities  are  reviewed.  Then,  the  kinematics  is  briefly 
examined.  A  significant  concept  underlying  all  these  developments  is  the  notion  of 
the  class  of  contact  unit  normals  with  a  continuously  evolving  distribution  function, 
even  though  individual  members  of  various  classes  may  change  discontinuously,  as 
contacts  are  lost  and  new  contacts  are  developed  in  the  course  of  granular  flow. 
Next,  local  and  macroscopic  constitutive  relations  are  discussed  and  the  evolution 
of  the  density  of  contacts  in  a  panicular  class  is  considered.  As  an  illustration,  the 
overall  response  of  a  two-dimensional  assembly  of  disks  subjected  to  an  overall 
shearing  deformation  is  determined.  The  stress-strain  relations  and  the  evolution  of 
fabric  are  in  excellent  qualitative  agreement  with  the  observed  behavior  of  granular 
materials.  In  light  of  these  results,  the  micromechanisms  of  failure  and  inelastic 
deformation  of  dense,  as  well  as  loose  granular,  materials  are  discussed. 


1.3.7.  Nemat-Nasser,  S.  and  B.  Balendran,  "Micromechanics  of  Flow  and  Failure  Modes 
of  Particulate  Media  Over  a  Wide  Range  of  Strain  Rates",  presented  at  the  2nd  US- 
Japan  Seminar  or  Micromechanics  of  Granular  Materials,  Clarkson  Univ.,  NY, 
August  5,  1991. 
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A  basic  framework  is  proposed  for  the  systematic  micromechanically-based 
constitutive  modeling  of  the  flow  of  granular  materials,  over  a  broad  range  of  strain 
rates,  from  quasi-static  to  high  strain  rates.  Frictimial  effects,  pressure  sensitivi^, 
and  coupling  between  shearing  and  volumetric  strain  are  included.  Stress-indued 
anisotropy  in  elastic  and  inelastic  instantaneous  nra^rial  terrorise  is  inemporated. 
The  model  is  flexible  enough  to  account  for  both  rate-independent  ad  rate- 
dependent  frictional  sliding  ad  rolling  of  die  grains.  For  illustration,  typical  results 
for  biaxial  and  simple  shearing  of  granular  materials  with  various  void  ratios  are 
calculated  in  monotonic,  as  well  as  cyclic,  loading,  and  they  are  shown  to 
accurately  correspond  to  actual  observations. 


1.3.8  Okada,  N.  and  S.  Nemat-Nasser,  "En^gy  Dissipation  in  Inelastic  How  of 
Cohesionless  Granular  Media",  Geotechnique,  submitted  12/91 

The  results  of  a  systematic  study  of  energy  oissipation  in  cohesionless  granular 
media  are  presented.  First,  the  relation  between  the  excess  pore  water  pressure, 
accumuiatd  in  a  water-saturated  granular  mass,  and  the  corresponding  external 
woik  in  cyclic  loading  is  studied  experimentally.  Second,  a  micromechanical  model 
of  internal  energy  dissipation  due  to  slip  between  contacting  granules  is  introduced, 
and  the  results  are  compared  with  experimental  measurements. 

A  series  of  undrained  experiments  is  carried  out  using  water-saturated  large  hollow 
cylindrical  specimens.  Most  experiments  are  performed  under  displacement- 
controlled  conditions.  The  imposed  cyclic  angular  displacement  which  produces 
the  applied  shear  strain,  has  a  triangular  time  variation  with  constant  strain  rate  over 
each  quarter  cycle.  The  specimens  are  subjected  to  two  sequences  of  loading  in 
order  to  simulate  the  reliquefaction  phenomenon.  External  work  per  unit  volume  is 
calculated  from  the  experimental  results,  and  its  correlation  with  the  excess  pore 
water  pressure  is  examined.  In  the  first  loading,  a  unique  nonlinear  relation  is 
observed  to  exist  between  the  excess  pore  water  pressure  and  the  external  work  per 
unit  volume.  This  relation  is  found  to  be  independent  of  the  shear  strain  amplitude. 
In  the  second  loading,  however,  this  relation  is  a  function  of  strain  amplitude.  The 
cyclic  shear  strength  is  seen  to  have  increased  in  the  second  loading,  b^ause  of  the 
strain  history  of  the  first  loading. 

External  work  supplied  to  cohesionless  granular  media  is  mainly  consumed  by  the 
frictional  slip  between  contacting  granules.  A  micromechanical  model  is  developed 
and  validated  by  the  experimental  results.  It  is  shown  that  the  internal  dissipation 
per  unit  volume  in  cohesionless  granular  media,  can  be  expressed  in  terms  of  the 
time-history  of  the  applied  effective  pressure  and  a  single  scalar  parameter  which 
depends  on  the  density  and  strain  amplitude.  The  model  is  further  validated  by 
torsion  tests  with  random  variation  in  the  applied  strain  amplitude.  The  theoretical 
predications  are  in  excellent  agreement  with  the  experiment^  results. 
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I. 4  PROFESSIONAL  PERSONNEL  ASSOCIATED  WITH  THE 

RESEARCH  EFFORT;  DEGREES  AWARDED  (AFOSR  SUPPORT) 

Principal  Investigator:  S.  Nemat-Nasser 

Postdoctoral  Research  Assodates  and  Research  Engineers  (Visiting): 

Benjamin  Loiet  (Professor,  Domaine  Universitahe,  Institut  de  Mechanique  de 
Grenoble,  France),  5/86  -  12/86 

Zong-Lian  (Jui  (Associate  Professor,  (^ghua  University,  Beijing,  China), 
6/87-2/88 

StaH  Research  Associates: 

H.M  Shodja  (Graduate  Student,  Department  of  Civil  Engineering,  Northwestern 
University,  Evanston,  II),  1 1/86  -  9/87 

Visiting  Scholars: 

Benjamin  Loret  (Professor,  Domaine  Universitahe,  Institut  de  Mechanique  de 
Grenoble,  France) 

Morteza  M.  Mehrabadi  (Professor,  Department  of  Mechanical  Engineeering,  Tulane 
University,  New  Orleans,  Lousiana) 

Muneo  Hori  (Professor,  Department  of  Civil  Engineering,  Tohoku  University, 
Sendai,  Japan) 

Graduate  Students:  Degree  Awarded 

A.  Azhdari  -  Research  Assistant,  7/90  -  4/91 

B.  Balendran  -  Research  Assistant,  1 1/89  -  4/91 

J.  Y  Chang  -  Research  Assistant,  10/86  -  8/88 
H.  Deng  -  Research  Assistant,  7/90  -  4/91 

S.  Ghatuparthi  -  Research  Assistant,  7/87  -  9/89, 12/89  -  6/90  M.S.,  UCSD 

M.  Hori  -  Research  Assistant,  10/86  -  12/86, 5/87  -  8/87 

N.  Okada  -  Research  Assistant,  10/86  -  6/16/91 

Engineering  Aid  (Undergraduate  Students) 

R.  Sugimae,  8/87  - 10/89 
B.  Crafts,  6/89  -  8/89 
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1.5  INTERACTIONS  (Coupling  Activities) 


A.  PARTICIPATION  OF  PRINCIPAL  INVESTIGATOR  AT  MEETINGS,  PAPERS 

PRESENTED;  LECTURES  AT  SEMIN  \RS. 

"Mechanics  of  Failure  in  Compression,"  Tohoku  University,  Sendai,  Japan,  June  27, 
1986. 

"Surface  Instability,"  University  of  Southern  California,  May  8, 1987. 

"Anisotropy  in  Response  and  Failure  Odes  of  Granular  Materials,"  lUTAM/ICM 
Symposium:  Yielding,  Damage  and  Failure  of  Anisotropic  Solids,  Villard-de-Lans,  France, 
August  24-28, 1987. 

"Constitutive  Modeling  Based  on  Micromechanics,"  ICES  88,  Adanta,  GA,  April  10-14, 

1988. 

"Compression-Induced  Ductile  Flow  of  Biitde  Materials  and  Britde  Fracmring  of  Ducdle 
Materials,"  Rensselaer  Polytechnical  Institute,  New  York,  NY,  May  12, 1988. 

"Compression-Induced  Ductile  Flow  of  Brittle  Materials  and  Brittle  Fracturing  of  Ductile 
Materials,"  Alicia  Golebrewska  Herrmann  Memorial  Lecture  in  Applied  Mechanics, 
Stanford  University,  Stanford,  CA,  November  3, 1988. 

"Compression-Induced  Ductile  Flow  of  Britde  Materials  and  Brittle  Fracturing  of  Ductile 
Materials,"  Naval  Research  Laboratory,  Washington,  DC,  December  16, 1988. 

"Compression-Induced  Ductile  Flow  of  Brittle  Materials  and  Brittle  Fracturing  of  Ductile 
Materials,"  Plenary  Lecture,  ICF7  Conference  on  Fracture,  Houston,  TX,  March  23-29, 

1989. 

"Compression-Induced  Ductile  Flow  of  Brittle  Materials  and  Brittle  Fracturing  of  Ductile 
Materials,"  MIT  Applied  Mechanics  Seminar  Series,  Boston,  MA,  May  15, 1989. 

"Compression-Induced  Ductile  Flow  of  Brittle  Materials  and  Brittle  Fracturing  of  Ductile 
Materials,"  Civil  Engineering  Seminar,  Ohio  State  University,  May  19, 1989. 

"Compression-Induced  Ductile  Flow  of  Brittle  Materials  and  Brittle  Fracturing  of  Ductile 
Materials,"  Keynote  Address,  Twelfth  Canadian  Congress  of  Applied  Mechanics  -- 
CANCAM,  May  28  -  June  2, 1989,  Ottawa,  Ontario,  Canada,  May  28,  1989. 

"Micromechanics  of  Deformation  for  Granular  Materials,"  Plenary  Lecture,  ASME  Winter 
Annual  Meeting,  San  Francisco,  CA,  December  10-15, 1989,  December  14,  1989. 

"Paradoxes,  Facts  and  Fiction  in  Material  Failure  under  Compression,"  University  of  Utah, 
May  4,  1990. 

"Paradoxes,  Facts  and  Fiction  in  Material  Failure  under  Compression,"  South  Dakota 
School  of  Mines  and  Technology,  Rapid  City,  SD,  May  24,  1990. 

"Paradoxes,  Facts  and  Fiction  in  Material  Failure  under  Compression,"  The  Continuum 
Damage  Mechanics  Workshop  at  Sandia  National  Laboratories,  Pleasanton,  CA,  June  12, 

1990. 
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"Paradoxes,  Facts  and  Fiction  in  Material  Failure  under  Compression,"  The  Department  of 
Civil  Engineering,  Tohoku  University,  Sendai,  Japan,  September  25, 1990. 

"Strain  Localization  in  Granular  Flow,"  Invited  Lecture,  The  Japan  Society  of  Civil 
Engineering  Convention,  Annual  Meeting  on  Strain  Localization  and  Bifurcation  of 
Geomaterials,  Niigata,  Japan,  September  29, 1990. 

"Paradoxes,  Facts  and  Fiction  in  Material  Failure  under  Compression,"  Kyushu 
University,  Fukuoka,  Japan,  October  3, 1990. 

"Paradoxes,  Facts  and  Fiction  in  Material  Failure  under  Compression,"  Tulane  University, 
New  Orleans,  LA,  November  29, 1990. 

"Micromechanics  of  Flow  and  Failure  Modes  of  Particulate  Media  Over  a  Wide  Range  of 
Strain  Rates",  Invited  Lecture,  2nd  U.S.  -  Japan  Seminar  on  Granular  Materials,  Pot^am 
NY,  August  4  -  9, 1991. 


B .  CONSULTATIVE  AND  ADVISORY  FUNCTIONS  WITH  OTHER  AGENCIES, 

LABORATORIES  AND  UNIVERSITIES. 


DARPA  Panel  Meting,  10/89 


Society  of  Engineering  Sciences  (SES)  Conference 
Ann  Arbor,  Mich,  9/89 


2nd  U.S.-  Japan  Seminar  On  Micromechanics  of 
Granular  Materials,  Clarkson  University, 
Potsdam,  NY,  8/91 


Member  of  DARPA  Panel  on 
Material  Modeling  and  Large 
Scale  Computations 

Member  of  SES 
Organizer  of  "Computational 
Mechanics"  and 
"Micromechanics  of  Damage 
and  Failure"  Sessions. 

Seminar  Participant 


Tulane  University,  Department  of  Mechanical  Engineering, 

New  Orleans,  LA  (to  collaborate  with  Professor  M.  Mehrabadi) 

Domaine  Universitaire,  Grenoble,  France  (to  collaborate  with  Professor  B.  Loret) 

Tohoku-Gakuin  University,  Department  of  Civil  Engineering 

Tagajyo,  Japan  (to  collaborate  with  Professor  M.  Satake) 

Tohoku  University,  Department  of  Civil  Engineering, 

Aoba,  Sendai,  Japan  (to  collaborate  with  Professor  Y.  Kishino) 

Hachinohe  Institute  of  Technology,  Department  of 

Civil  Engineering,  Hachinohe,  Japan  (to  collaborate  with  Professor  Y.  Tobita) 


Micromechanics  of  Granular  Materials,  edited  by  M.  Satake  and  J.T.  -Jenkins 
Elsevier  Science  Publishers  B.V.,  Amsterdam,  1988  —  Printed  in  The  Netherlands 
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SOME  BASIC  THEORETICAL  AND  EXPERIMENTAL  RESULTS  ON  MICROMECHANICS  OF 
GRANULAR FLOW 


M.  M.  Mehrabadi,*  S.  Nemat-Nasscr.^  H.  M.  Shodja.^  G.  Subhash^ 

^Department  of  Mechanical  Engineering,  Tulane  University,. 

New  Orleans,  Louisiana  701 18 

^Department  of  Applied  Mechanics  and  Engineering  Sciences,  University  of 
California,  San  Diego,  La  Jolla,  California  92093 

3  Department  of  Civil  Engineering,  The  Technological  Institute,  Northwestern 
University,  Evanston,  Illinois  60201 


SUMMARY 

In  order  to  establish  guidelines  for  modeling  the  macroscopic  behavior  of 
granular  materials,  an  experimental  study  of  the  evolution  of  the  microstructurc  of 
an  assembly  of  granular  materials  under  a  uniform  confining  pressure  and 
subjected  to  a  pure  shear  was  conducted.  The  granular  material  used  in  the  study 
consisted  of  photoelastically  sensitive  rod-shaped  particles  of  oval  cross-sections.  It 
was  found  that  (i)  the  distribution  of  branches  and  contact  normals  arc  almost 
identical,  (ii)  the  second  rank  fabric  tensor  does  not  adequately  describe  the 
microstructure  of  highly  anisotropic  samples,  (iii)  the  density  of  contacts  whose 
normals  lie  along  the  major  and  minor  principal  stress  axes,  varies  sharply 
initially  and  then  approaches  a  constant  value  in  the  course  of  deformation,  and 
(iv)  the  density  of  contacts  with  planes  parallel  to  the  maximum  shear  stress  plane 
remains  practically  constant  throughout  the  deformation. 


INTRODUCTION 

A  microscopic  study  of  the  evolution  of  the  microsiruciure  of  an  assembly  of 
granular  matenals  under  a  uniform  confining  pressure  and.  in  addition,  subjected 

to  a  pure  shear  is  reported  here.  The  granular  material  used  in  the  study  consisted 

of  photoelastically  sensitive  rod-shaped  particles  of  oval  cross-sections. 

The  purpose  of  the  experimental  study,  in  general  terms,  was  to  establish 
guidelines  for  modeling  the  macroscopic  behavior  of  granular  materials 

Specifically,  the  objective  of  this  work  was  to  investigate  the  correlation  among 
certain  microscopic  fabric  measures  such  as  the  distribution  of  contact  normal., 
unit  branches,  etc.,  and  to  study  the  evolution  of  these  quantities  in  the  course  of 

deformation. 

Experiments  on  assemblies  of  photoelastic  particles  were  pioneered  by  Daniu 
(ref.  1).  Weber  (ref.  2)  and  Wakabayashi  (ref.  3),  and  later  followed  by  several  other 


and  Image  Tool  from  Imaging  Technology,  a  powerful  program  for  obtaining 
histograms  of  several  microscopic  quantities  was  developed.  After  digitizing  the 
photographs  of  the  isochromatic  fringe  pattern  obtained  at  each  stage  of  loading, 
the  program  was  employed  to  find  the  corresponding  distributions  of  (i)  contact 
normals,  (ii)  branches,  and  other  related  quantities. 

REPRESENTATION  OF  DISTRIBUTION  DENSITY  FUNCTION 

In  works  on  crystallography,  it  is  customary  to  represent  the  distribution 
density  function  of  an  orientation  by  spherical  harmonic  functions.  Another 
alternative  is  the  invariant  formulation  by  Kanatani  (ref.  17)  which  for  two 
dimensions,  is  given  by 

E(n)=^(l  +  Jjjninj  +  Jijkininjnfcni  + . )  ,  (1) 


where  E(n)  is  the  distribution  density  function  of  the  unit  vector  n,  and  where 


Jij  =4^<ninj>  •  jj  , 


(2) 


Jijkl  =  16  (<ninjni<n|>-a(ij<nkni)>+5-  S(ij6kl)). 


(3) 


The  angular  brackets  denote  averages  taken  over  all  orientations.  The  symmetric, 
traceless  second-rank  tensor  Jjj  is  closely  related  to  various  fabric  or  anisotropy 
tensors  (ref  18)  previously  introduced  in  the  literature  The  fourth-rank  tensor 
Iijkl  is  completely  symmetric  and  traceless.  The  components  of  these  two  tensors 
can  be  represented,  in  two  dimensions,  in  terms  of  four  parameters.  A.  B.  C  and  D. 
defined  by 


A  =  <sin0cos0> ,  C  =  <cos20>. 
B  =  <sin0cos^0>.  D  =  <cos‘*0>. 


(4) 


where  0  is  the  orientation  of  n  measurco  from  the  vertical  Note  that  the 
parameters  A  and  C  are  related  to  the  degree  of  concentration.  J.  and  the  preferred 
orientation,  p,  introduced  by  Konishi  (ref  6). 
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that  of  the  inclination  of  the  principal  axis  of  stress  at  or  immediately  after  the 
peak  stress. 


Fig.  1.  Variation  of  (a)  stress  ratio,  (b)  volumetric  strain,  (c)  degree  of 
concentration,  and  (d)  orientation  of  the  major  principal  axis  of  the  second-rank 
fabric  tensor.  Jij,  with  shear  strain. 


The  observed  distribution  of  contact  normals  as  well  as  its  second  and  fourth 

order  approximations  (see  Eqs.  (7))  are  shown  in  Fig.  2.  Consistent  with  earlier 

observations,  it  is  seen  here  also  that  some  contacts  with  unit  normals  along  the 

minor  pnncipal  stress  axis  are  lost  while  new  contacts  with  unit  normals  along  the 

major  compressive  principal  stress  axis  are  continually  generated. 

Clearly,  the  basic  feature.^  of  the  actual  distribution  are  well  represented  by 
the  founh-order  approximation.  In  fact,  it  can  be  shown  that  the  error  in 
calculating  E(n)  by  excluding  the  fourth-  and  higher-order  terms  can  be  more 
than  ±30%  along  the  major  and  minor  principal  stress  axes.  Thus,  for  a  highly 
anisotropic  microstructure,  the  second-rank  tensor  Jjj  does  not  appear  to  be 
adequate.  and.  for  a  more  reasonable  representation  of  the  microstructure,  one 

must,  at  least,  retain  the  founh-order  term  involving  the  fabric  tensor  Jijkl. 
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the  expression  for  E.(n'  (see  Eqs.  (7)),  the  sine  terms  (i.e.,  those  involving  the  odd 
functions  of  8)  va)^  substantially  m  the  course  of  shearing  deformation,  while  the 
cosine  terms  (i.e..  those  that  are  even  functions  of  8)  are  practically  constant 
throughout  the  deformation  process. 

The  variation  of  A,  B,  C  and  D  with  the  stress  ratio  is  also  found  to  be  similar  to 
the  change  of  these  parameters  with  the  shear  strain,  shown  in  Fig.  3. 


MM  snu)  |j)  acu  snuM  m 


Fig.  3.  Evolution  of  parameters  A,  B,  C  and  D  with  shear  strain. 

As  a  corollary  of  the  above  observation,  we  can  see  that  when  the  sine  terms 
in  the  expression  for  E(n)  are  zero,  i.e.,  when 


or  when  ^0°,  90° .  then 


sin  2n6  =  0  (n=1.2,...)  , 


cos  2n6  =  (■1)'’  , 


and  hence  £(0°)  and  £(90°)  are  practically  constant.  Note  that  for  8=45°,  135° .  we 

have 


sin2n9  =  (-1)"+'  .  cos  2n9=0 

Therefore,  E(45°)  ant'  £(135°),  which  arc  the  distribution  densities  of  contact 
normals  along  the  major  and  minor  principal  stress  axes,  vary  initially  and  then 
approach  a  constant  value  in  the  course  of  deformation:  see  Fig.  4. 
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SUMMARY 

It  has  been  knovn  that  the  Inherent  and  Induced  anisotropy  or  fabric 
has  considerable  Influence  on  the  response  and  failure  modes  of  granular 
masses.  Some  definitive  recent  experiments  which  clearly  demonstrate  this 
phenomenon  In  relation  to  the  denslflcatlon  and  liquefaction  potential  of 
saturated  sands,  are  briefly  reviewed,  together  with  asjoclated 
mlcromechanlcally  based  theoretical  observations. 


INTRODUCTION 

Coheslonless  granular  materials  support  the  applied  forces  through 
eontaet  friction.  Therefore,  the  nature  and  distribution  of  the  contacts 
are  expected  to  have  considerable  Influence  on  the  overall  mechanical 
response  of  the  granular  mass.  The  term  "fabric*  has  been  used  to 
characterize  this  kind  of  mlcrostructure.  It  relates  to  the  distribution  of 
the  particles,  their  sizes  and  orientations,  and.  In  particular,  to  the 
distribution  of  the  contact  normals  and  contact  areas  (which  reflect  the 
magnitude  of  the  contact  forces),  as  well  as  ocher  geometrical  entitles.  In 
this  summary  we  shall  not  deal  directly  with  Che  characterization  of  fabric, 
since  Che  matter  has  been  fully  examined  In  ocher  articles  within  this 
volume;  see,  e.g.  the  paper  by  Mehrabadl  ec  si.  (ref,  1).  Uhac  Is  of 
concern  here  Is  Co  show  how  seemingly  minute  variations  In  a  given  loading 
history  can  change  the  fabric  of  the  granular  mass  to  such  an  extent  chat 
the  load-bearing  capacity  of  the  sample  Is  changed  by  orders  of  magnitude. 

In  particular,  we  shall  examine  the  affect  of  pre-scralnlng  on  the 
liquefaction  potential  of  saturated  sands,  and  point  out  the  results  of 
recent  experiments  by  Nemac-Nasser  and  Toblca  (ref,  2)  and  Nemac-Nasser  and 
Takahashl  (ref.  3),  which  clearly  have  brought  Into  focus  the  effect  of 
Induced  fabric  on  the  potential  to  failure  by  liquefaction  of  undralned 
samples . 


RESULTS  AND  DISCUSSION 

l!,  has  been  shown  by  Finn  ec  al.  (ref.  6)  and  confirmed  by  Ishlhara  ec 
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al.  (ref.  5),  and  other  Investigators,  that,  once  a  saturated  undrained 
sample  of  sand  is  liquefied  in  simple  shearing,  it  will  have  essentially  no 
resistance  to  reliquefaction  In  subsequent  tests.  These  tests  were  all 
performed  under  a  load-conerolled  condition,  so  that,  with  the  confining 
pressure  held  fixed,  the  tests  were  terminated  after  liquefaction 
Initiation,  by  reducing  the  shear  stress  to  zero. 

Faced  with  the  above  experimental  facts,  in  the  late  seventies  the 
present  writer  became  very  interested  in  this  phenomenon,  and  sought  to:  (1) 
develop  a  micromechanical  model  which  might  clarify  the  phenomenon;  and  (2) 
seek  to  check  the  experimental  results  independently  and  in  light  of  the 
micromechanics  of  the  process.  The  work  on  the  micromechanica  of  this 
phenomenon  was  reported  in  Hemat-Naaser  (1980,  ref.  6),  and  the  experimental 
effort  was  done  in  collaboration  with  Dr.  Tobita  and  Mr.  Takahashl;  see 
(ref.  2  and  ref.  3). 

Micromechanical  Model;- 

The  model  considers  two-dimensional  shearing  of  a  layer  of  a  granular 
mass  under  uniform  applied  normal  compressive  stre*'.  o,  and  uniform  shear 
stress,  r,  which  is  viewed  positive  when  clockwise.  The  macroscopic  shear 
flow  is  the  result  of  the  microscopic  motion  (rolling  and  sliding)  of  grains 
relative  to  each  other  at  active  contact  points.  Fig.  1  shows  this. 


Figure  I 


The  angle  v  is  called  the  (micro)  dilatancy  angle.  It  varies  from  active 
contact  to  active  contact,  and  when  there  is  a  very  large  number  of  such 
contacts,  one  may  assume  a  continuous  change  and  introduce  a  distribution- 
density  function  p(v)  in  such  a  manner  chat  p  (v^)  dv  represents  the  volume 
fraction  of  active  granules  whose  dilatancy  angles  are  between  Vq  and  vj  + 
du .  u  is  positive  when  it  produces  volume  expansion.  By  considering  the 
balance  of  forces  transmitted  across  each  active  contact,  and  by  equating 
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the  rate  of  frictional  dissipation  at  active  contacts  within  a  unit  volume 
to  the  rate  of  the  overall  stress-work,  Hemat-Nasser  (ref.  6)  obtains  the 
following  dllatancy  equation: 

rvi 

(1) 


I  dv  1 
V  5;  -  cW„  Ji-o' 


In  which  -  "graln-to-graln"  friction  angle;  and  the  Mohr-Coulorob  failure 
criterion  Is  used  to  characterize  the  local  (at  the  micro- level)  flow 
process . 

Kemac-Nasser  (ref.  6)  points  out  that  upon  shearing  and  under  normal 
pressure,  granules  with  negative  dllatancy  angles  are  activated  first, 
leading  to  a  distribution-density  function,  p(i').  which  Initially  Is  biased 
coward  negative  dllatancy  angles.  Intuitively,  this  follows  from  the 
physical  observation  that  the  local  normal  force  N  hinders  Che  motion  of  an 
scCXve  granule  with  positive  dllatancy  angle  v,  whereas  It  assists  when  1/  la 
negative  (Figs.  1(b)  and(c)).  Hence,  upon  shearing  under  confinement,  an 
Initial  denslflcaClon  la  expected  and  Is  Invariably  observed. 

As  shearing  proceeds,  Che  dlstrlbuclon-denslty  function  p(t>)  tends  to 
become  biased  coward  positive  dllatancy  angles,  and  this  leads  to  subsequent 
dilation.  During  this  stage,  a  greater  number  of  active  contacts  has 
positive  dllatancy  angles,  and  this  number  Increases  with  Increasing  shear 
strain  amplitude,  up  to  Che  strain  corresponding  to  the  peak  stress.  Now, 
If,  after  a  mlcrosCate  of  this  kind  Is  attained,  unloading  begins,  Chen  some 
of  the  granules  with  suitably  large  dllatancy  angles  may  actually  start  a 
downward  motion  under  the  action  of  the  normal  force  N,  which  leads  to  some 
denslf Icaclon.  However,  It  Is  reasonable  Co  expect,  and  our  experiments  on 
phocoelasclc  granules  confirm  (see  ref.  7),  Chat  at  zero  shear  stress  there 
still  exists  a  strong  bias  toward  positive  dllatancy  angles  for  clockwise 
shearing.  Now,  upon  load  reversal  (l.e.,  upon  shearing  In  the 
counterclockwise  direction),  the  previously  positive  dllatancy  angles  behave 
now  as  negative  ones.  Thus,  a  strong  tendency  coward  denslflcaClon  would  be 
expected  during  load  reversal.  Hence,  prestralnlng  to  suitably  large  shear 
strain  amplitudes  In  drained  conditions  should  lead  to  Immediate 
liquefaction  when  load  reversal  occurs  under  undralned  conditions. 

Experimental  Results: 

To  test  the  liquefaction  potential  of  a  prellquefled  sample  In  light  of 
the  micromechanical  model,  Nemat-Nasser  and  Toblta  (ref.  2)  compared  the 
rellquefacClon  potential  of  two  similar  samples  which  were  liquefied  by 
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cyclic  shearing  under  constant  confining  pressure.  The  difference  between 
the  two  tests  was  the  state  at  which  the  initial  liquefaction  was  terminated 
during  the  final  cycle:  (1)  In  one  test  the  final  cycle  in  the  initial 

liquefaction  was  terminated  at  zero  shear  stress.  (2)  In  the  second, 
otherwise  similar,  sample,  the  final  cycle  was  terminated  at  zero  shear 
strain.  It  was  found  that,  during  rellquef action,  the  first  sample  (which 
was  stopped  at  zero  shear  stress)  showed  essentially  no  resistance  to 
reliquefaction,  whereas  the  second  sample  (which  was  stopped  at  zero  shear 
strain)  was  essentially  as  resistant  to  liquefaction  as  a  virgin  sample. 
These  and  related  results  were  reconfirmed  in  a  series  of  carefully  planned 
experiments  by  Nemat-Nasser  and  Takahashi  (ref.  3). 

Another  related  phenomenon  is  prestraining  under  drained  conditions  and 
its  effect  on  the  liquefaction  potential  of  the  saturated  undralned  sample. 
Guided  by  the  micromechanical  model,  Hemat-Nasser  and  Toblta  (ref.  2)  showed 
that,  if  prestraining  at  a  suitably  large  shear  strain  is  terminated  at  zero 
shear  stress,  then  the  sample  will  have  strong  induced  anisotropy  and  hence, 
in  subsequent  undrained  cyclic  shearing,  will  liquefy  during  the  first 
cycle.  On  the  other  hand,  if  the  prestralning  is  terminated  at  zero  shear 
strain,  the  sample  will  be  left  with  essentially  no  induced  anisotropy,  and 
will  be  at  least  as  resistant  to  liquefaction  as  the  corresponding  virgin 
sample. 

In  an  effort  to  further  verify  these  facts  and,  in  addition,  to  examine 
the  influence  of  the  sample  preparation  on  the  mechanical  response  of 
cohesionless  sands  in  cyclic  shearing,  Nemat-Nasser  and  Takahashi  (ref.  3) 
have  made  a  series  of  strain~controlled  tests  on  Monterey  No.  0  sand 
samples.  The  same  apparatus  as  the  one  used  by  Nemat-Nasser  and  Toblta 
(ref,  2)  is  employed,  except  that  the  horizontal  shearing  device  is  modified 
in  such  a  manner  as  to  control  the  horizontal  stroke,  and  to  measure  the 
corresponding  resulting  horizontal  force.  Two  sample  preparation  techniques 
are  used:  moist  Camping  and  pluvlating  dry  sand  through  air.  The  basic 
conclusions  of  these  experimental  results  are  as  follows: 

1.  In  cyclic  simple  shearing,  the  resistance  to  rellquefactlon  (undrained) 
or  densiflcatlon  (drained)  of  a  preliquefied  sample  actually  Increases, 
because  of  the  concomitant  densiflcatlon,  if  the  preliquefaction  is 
terminated  at  zero  residual  shear  strain,  but  this  resistance  becomes 
very  small  if  Che  preliquefaction  is  terminated  at  zero  residual  shear 
stress. 

2.  The  inherent  anisotropy  associated  with  sample  preparation  techniques 
affects  both  the  densiflcatlon  and  liquefaction  potential  of  the  sample. 
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3.  Within  each  cycle  of  simple  shearing,  the  induced  anisotropy  is 

essentially  wiped  out  in  the  neighborhood  of  zero  shear  strain,  and  the 
anisotropy  that  exists  at  this  state  is  basically  due  to  the  sample 
preparation  techniques  (l.e..  It  is  the  inherent  anisotropy),  provided 
that  the  sample  is  not  very  loose  and  the  strain  amplitude  Is  not  very 
large.  (Note  that  the  state  of  zero  shear  strain  is  essentially  the 
same  as  that  of  the  state  of  zero  dllatancy  which  Is,  Indeed,  the  basic 
underlying  factor.) 

4.  For  simple  shearing,  the  distribution  of  the  dllatancy  angles 
characterizing  the  fabric  may  be  related  to  the  shear  strain  and.  In 
this  manner,  the  denslflcatlon  pattern  may  be  estimated. 

Since  the  simple  shearing  experiments  are  performed  on  small  circular 
cylinders,  the  state  of  stress  in  the  sample  Is  quite  complicated.  In  order 
to  verify  the  validity  of  the  results,  a  new  series  of  tests  has  now  been 
Initiated  at  the  author's  laboratory.  These  tests  are  being  performed  on  a 
large  hollow  cylindrical  sample  under  carefully  controlled  conditions  so  as 
to  ensure  a  uniform  state  of  stress  and  deformation  In  the  sample.  The 
results  of  these  experiments  will  be  reported  soon  after  they  are  completed. 
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Modes  of  Granular  Materials 
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materiab.  Yielding.  Damage,  and  Failure  of  Anisotropic  Solids.  EGF5  (Edited  by  J.  P.  Boehler) 
1990,  Mechanical  Engineering  Publications.  London,  pp.  33-48. 

ABSTRACT  This  re%iew  addresses  some  recent  experimental  and  theoretical  studies  of  the 
mechanical  properties  of  particulate  media  which  support  applied  overall  loads  through 
individual  contact  resistance.  We  emphasize  the  inherent  and  induced  fabric  or  anisotropy  and 
its  influence  on  the  response  and  failure  modes  of  this  class  of  materials.  The  experimental 
studies  include:  (1)  model  experiments  on  photoelastic  granular  rods  with  circular  and  elliptical 
cross-sections,  in  biaxial  as  well  as  simple  shear  c>*clic  loading:  and  (2)  dilatancy.  liquefaction, 
and  the  overall  stress-deformation  relations  studied  on  simple  shearing  apparatus  and  also  on 
large  hollow  cylindrical  samples  of  sand  under  complex,  three-dimensional  monotonic  as  well  as 
cyclic  stress  paths.  These  experiments  are  designed  in  coordination  with  theoretical  micro- 
mechanical  models  in  order  to  bring  out  the  major  micromechanisms  that  are  responsible  for  the 
observed  highly  path-dependent  behaviour  of  granular  materials.  The  issues  of  inherent  and 
induced  anisotropy  or  fabric  and  their  effects  on  the  overall  response  of  the  material  are  of 
particular  interest  in  these  experiments.  The  theoretical  studies  emphasize  recent 
micromechanically-based  models  of  granular  flow,  which  specifically  seek  to  understand  and 
quantify  relevant  measures  of  anisotropy  or  fabric,  and  the  relation  between  fabric  measures  and 
the  overall  stress  tensor. 

Introduction 

A  fundamental  understanding  of  the  mechanical  behaviour  of  granular  masses 
which  support  the  overall  applied  loads  through  contact  friction  is  essential  for 
many  applications,  from  powder  metallurgy,  ceramic  processing,  and  food 
processing,  storage,  and  transportation,  to  the  proper  design  of  soil  foun¬ 
dations  to  withstand  earthquake-induced  vibration.  A  dominant  feature  of 
materials  of  this  kind  is  their  strong  anisotropic  behaviour.  Generally  speaking, 
two  types  of  anisotropy  are  identified.  They  are:  (1)  inherent  anisotropy 
produced  essentially  by  the  process  of  deposition  (natural  or  artificial);  and  (2) 
induced  anisotropy,  produced  in  the  course  of  deformation  in  response  to  the 
overall  applied  loads.  Both  types  of  anisotropy  can  have  a  most  profound 
influence  on  the  response  and  failure  modes  of  granular  masses.  Hence, 
attempts  have  been  made  to  identify  microstructural  parameters  which  charac¬ 
terize  these  anisotropies,  and  relate  these  parameters  to  the  overall  measures 
of  stress  and  the  associated  deformation. 

The  purpose  of  this  article  is  to  summarize  some  recent  fundamental 
developments  in  the  characterization  of  the  mechanical  properties  of  granular 
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masses,  emphasizing  the  effects  of  anisotropy  or  fabric  on  the  overall  mechan¬ 
ical  response.  No  attempt  will  be  made  to  provide  a  comprehensive  review  of 
the  literature  in  the  field,  since  the  reader  can  easily  obtain  the  relevant 
references  by  consulting,  for  example,  the  proceedings  of  the  US-Japan 
seminars  which  are  cited  in  references  (6)  and  (14). 

This  paper  is  organized  as  follows.  In  the  next  section  the  relation  between 
the  overall  stress  tensor  and  the  contact  forces  is  developed,  and  the  import¬ 
ance  of  fabric  is  discussed.  Various  measures  of  fabric  are  identified,  and  some 
major  issues  relating  to  the  stress-fabric  relation  are  examined  in  the  light  of 
recent  experiments  by  the  author  and  co-workers  on  biaxial  deformation  as 
well  as  on  pure  shearing  of  samples  made  of  photoelastic  rods  of  oval  cross- 
section.  The  statistical  description  of  the  fabric  and  stress  tensors  is  presented. 
In  the  third  section  the  micromechanics  of  granular  flow  in  cyclic  simple 
shearing  is  examined  in  some  detail,  and  the  effects  of  fabric  on  the  dilatancy 
(or  densification)  potential  of  the  granular  mass  are  demonstrated  in  terms  of 
the  failure  modes  of  saturated  cohensionless  sands  subjected  to  cyclic  shearing 
under  confining  pressure.  In  particular,  it  is  shown  that  the  resistance  to  failure 
by  liquefaction  can  be  increased  or  reduced  to  almost  zero  by  seemingly  minute 
alterations  in  the  fabric  of  the  granular  mass. 


Representation  of  stress  and  fabric 

General  comments 

Consider  a  collection  of  granules  with  overall  volume  V  and  overall  surface  5. 
Let  self-equilibrating  tractions  T  be  applied  on  the  boundary  surface  5, 
producing  contact  forces  at  contacting  granules.  Assume  that  there  are  such  a 
large  number  of  granules  contained  in  V  that  both  a  continuum  and  a  statistical 
representation  of  the  overall  stress  a  are  permissible.  Furthermore,  assume 
that  the  granules  are  so  stiff  relative  to  the  applied  loads,  that  they  may  be 
regarded  as  essentially  rigid.  A  fundamental  problem  is  to  relate  the  overall 
stress  a*.o  the  corresponding  internal  contact  forces  and  the  microstructure  of 
the  granular  mass. 

Let  o{\)  be  a  variable  stress  field  in  equilibrium  with  the  applied  traction  T, 
in  the  absence  of  any  body  forces.  This  stress  field  may  vary  discontinuously 
from  granule  to  granule,  but  it  is  required  to  produce  continuous  tractions 
across  the  contact  area  of  any  two  contacting  granules.  Using  a  fixed  rectangu¬ 
lar  Cartesian  coordinate  system,  with  coordinate  axes  Xj,  /  =  1,  2,  3,  we  then 
have 

0::;  =  0  in  V 

r  c 
OijVj  =  Tj  on  S 

where  v  is  the  exterior  unit  normal  on  S.  The  overall  average  stress  is  now 
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defined  as  the  simple  volume  average  of  this  self-equilibrating  stress  field 

o{\)dV  (2) 

^  Jv 

Note  that  the  continuity  of  the  tractions  across  any  two  contacting  granules, 
say,  granules  A  and  B,  requires 

N«j  =  0  (3) 

where  n  is  the  unit  normal  on  the  contact  area,  which  points  from  A  to  B,  and 
the  brackets  indicate  the  ‘jun.p’  across  the  area,  [ffjj]  =  aj]'  -  ajj",  and  where  the 
superposed  +  and  -  denote  the  value  of  stress,  respectively,  in  A  and  B  at  the 
contact  point.  Equation  (3)  simply  implies  that  the  contact  force  exerted  by 
granule  A,  on  its  adjacent  contacting  granule  B,  is  equal  in  magnitude  but 
opposite  in  direction  of  the  force  exerted  by  B  on  A. 


Overall  stress 


In  the  absence  of  any  pore  fluid  or  gas  pressure,  equation  (2)  may  be  written  as 


where  c®  is  the  volume  fraction  of  the  ath  granule,  i.e.,  c®  =  VJV,  Mq  is  the 
total  number  of  granules  in  volume  V,  and  is  the  average  stress  over  the  ath 
granule.  In  view  of  equations  (1)  and  (3) 


(^j<7ik).k  dV  =  Gij  dV  =  XjT,  dS 


and  hence  one  has 


where  Ms  is  the  number  of  points  on  the  outer  boundary  S  at  which  concen¬ 
trated  forces  F®  are  applied.  It  is  important  to  note  that  this  representation  of 
stress  does  not  involve  the  contact  forces  at  the  interior  contacting  granules.  In 
(2.6)  X®  is  the  location  on  the  overall  surface  S  at  point  a,  where  the 
concentrated  external  for^e  F®  is  applied.  Hence,  representation  (6)  does  not 
involve  the  microstructure. 

An  alternative  representation  which  does  include  the  microstructure,  has 
been  given  by  Christoffersen  et  al.  (1),  using  the  principle  of  virtual  work.  In 
this  approach,  one  considers  virtual  relative  displacement  A®  at  a  typical 
contact  a,  compatible  with  the  virtual  surface  displacement  u.  Then  the  virtual 
work  yields 
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«ifid5  (7) 

a=l 

Choosing  a  virtual  displacement  field 

Mi  =  0ip:j  +  Mi  (8) 

with  arbitrary  constant  <p^  and  we  obtain 

M 

=  =  (9) 

a=l 

where  /“  is  a  vector  which  connects  the  centroids  of  the  two  granules  which  are 
in  contact  at  a.  The  symmetry  of  the  overall  Cauchy  stress  then  yields 

«'i>  =  (/i'i>  (10) 

In  (9),  =  MIV  is  the  number  of  contacts  per  unit  volume,  and 

a=l 

We  note  that  representation  (9)  can  also  be  obtained  if  one  considers  average 
transactions  transmitted  across  three  mutually  orthogonal  planes.  This 
approach  was  originally  suggested  by  Weber  (16)  in  examining  the  forces 
transmitted  within  a  collection  of  glass  rods  with  circular  cross-section,  Mehra- 
badi  et  al.  (3)  considered  a  similar  approach  and  showed  the  relation  between 
the  statistical  calculation  of  average  transactions  and  the  virtual  work  method; 
see  their  equations  (27)  and  (29),  p.  101, 

Expression  (9)  may  also  be  obtained  by  applying  (5)  to  a  single  typical 
granule  of,  say,  volume  and  surface  S^,  and  then  summing  the  results  over 
all  granules.  Indeed,  from  (4)  and  (5),  it  follows  that 

A/g 

a  =  l/3=l 

where  is  the  number  of  contacts  of  the  ath  granule,  is  the  position  of  the 
centroid  of  this  granule,  and  we  have  used  the  fact  that  the  sum  of  all  contact 
forces  acting  on  the  granule  a  must  vanish. 

Stress-fabric  relation 

There  are  a  number  of  ways  that  the  overall  stress  tensor  can  be  related  to 
certain  measures  of  the  microstructure  or  fabric  of  a  granular  mass.  One 
alternative  proposed  by  Nemat-Nasser  and  Mehrabadi  (7)  is  to  associate  with  a 
typical  contact  a  a  symmetric  second-order  tensor  such  that 


ANISOTROPY  OF  GRANULAR  MATERIALS 


37 


ff  =  (a  not  summed)  (11) 

where  a®  may  be  regarded  a  measure  for  the  contact  area.  Then  (9)  can  be 
written  as 

Oii  =  (12) 

where 

h^l  =  e^n^mf,  /“  = /“mf  (a  not  summed)  (13) 

where  m“  is  a  unit  vector  in  the  direction  of  T.  The  geometric  quantity 
Hij  =  (/lij)  (14) 


is  a  measure  of  the  fabric  of  the  granular  mass.  Other  measures  can  be 
introduced,  and  some  are  briefly  discussed  later  on  in  this  section.  If  the 
granules  are  spherical  (circular  in  two  dimensions),  then  the  unit  vector  m® 
coincides  with  the  unit  normal  n“,  and  the  fabric  tensor  H  becomes  symmetric. 
Furthermore,  the  symmetry  of  the  overall  stress,  equation  (10),  requires 

(^ik^kj)  =  (^jk^ki)  (15) 

If  we  now  set 

7’ik  -  (^ik)  (16) 

assume  that  4  and  are  uncorrelated,  and  that  the  tensor  T  does  not  depend 
on  any  other  tensor-valued  quantities  than  H,  it  follows  from  the  symmetry 
condition  (15)  that  the  three  symmetric  second-order  tensors  v,  H,  and  T  are 
coaxial,  in  the  sense  that  they  share  the  same  principal  directions.  An 
immediate  consequence  of  this  then  is  the  following  stress-fabric  relation: 

Ojj  =  Ao^ij  +  Ai//jj  +  (17) 

where  the  coefficients  Aq,  A  i ,  and  A2  are  functions  of  the  basic  invariants  of  H. 

Equation  (17)  is  the  simplest  stress-fabric  relation  that  emerges  under  the 
rather  restrictive  assumptions  that:  (1)  granules  are  spherical  (or  circular);  (2) 
the  quantities  t'*  and  h“  are  uncorrelated,  so  that  (t,k/Jkj)  =  (Ak)('**kj)j  0)  there 
are  no  other  tensorial  measures  that  are  involved  in  expression  0  =  and 

(4)  the  overall  stress  tensor  is  symmetric.  Experiments  on  the  biaxial  defor¬ 
mation  of  photoelastic  granules  seem  to  support  (17),  although  the  granules 
involved  were  cylinders  with  oval  cross-section;  see  Fig.  13  of  Oda  et  al  (12). 
Expression  (17),  however,  clearly  shows  that  the  ratio  of  the  principal  stresses 
in  two-dimensional  deformation  cannot  be  proportional  to  the  corresponding 
ratio  of  the  principal  values  of  the  fabric  tensor  H.  Hence,  equation  (4)  and  the 
linear  approximation  of  Fig.  13  of  Oda  et  al.  (11)  (which  were  reported  on  the 
basis  of  triaxial  compression  tests  on  two  Soma  sands  by  Oda  (10)),  cannot 
have  general  validity.  Indeed,  recent  experiments  on  pure  shearing  of  photo¬ 
elastic  granules  have  revealed  that  while  the  principal  axes  of  the  fabric  tensor 
tend  to  follow  the  principal  axes  of  the  stress  tensor,  in  general,  they  do  not 
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coincide  with  the  latter.  The  apparatus,  constructed  in  the  author’s  laboratory, 
is  shown  in  Fig.  1(a)  and  sketched  in  Fig.  1(b).  A  typical  example  is  given  in  Fig. 
2(a).  The  corresponding  stress-strain  relations  are  displayed  in  Fig.  2(b).  The 
apparatus  produces  a  two-dimensional  flow  of  the  granules,  which  is  very  close 
to  pure  shearing  under  uniform  confining  pressure.  The  results  of  extensive 
experiments  and  their  thorough  analysis  will  be  reported  elsewhere.  Suffice  it 
to  say  here  that,  upon  shearing,  the  principal  directions  associated  with  the 
distribution  of  contact  normals  immediately  change  toward  the  principal 
directions  of  the  stress,  but  do  not  coincide  with  them.  Indeed,  the  orientation 
of  the  principal  directions  of  the  stress  and  the  distribution  of  the  contact 
normals  remain  distinct  and  fixed,  as  the  shearing  continues  monotonically  in  a 
fixed  direction.  On  the  other  hand,  if  the  fabric  tensor  is  weighted  by  the 
intensity  of  the  contact  forces  which  can  be  represented  by  the  magnitude  of  the 
corresponding  contact  area  through  the  parameter  in  equation  (132),  then 
our  tentative  analysis  seems  to  suggest  that  the  corresponding  fabric  tensor  and 
stress  tensor  have  a  tendency  of  becoming  coaxial. 

Fabric  tensors 

In  the  literature,  a  number  of  second-  and  higher-order  fabric  tensors  have 
been  introduced  by  different  authors.  These  tensors  are,  by  necessity,  of  even 
orders,  and,  in  one  way  or  another,  seek  to  define  the  distribution  of  contact 
normals  or  unit  branches.  Some  of  these  tensors  are  (njnj),  proposed  by  Satake 
(14);  M(Wimj),  proposed  by  Mehrabadi  et  al.  (3);  and  the  non-symmetric 


Fig  1(a)  Equipment  for  simple  shear  deformation  of  photoel.-isdc  granules 
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1.  loading  frame 

2.  connection  to  load  cell 

3 .  LVDT 

4.  weights  for  lateral  loading 

5.  weights  for  vertical  loading 

6.  counterweights 

7.  linear  potentiometer  measuring  displacement 

at  A,  B,  C,  D,  E,  F,  G,  and  H 
Fig  1(b)  A  schematic  diagram  of  the  simple  shear  apparatus  (University  of  California,  San  Diego) 

tensors  and  (eniWj),  proposed  by  Nemat-Nasser  and  Mehrabadi  (6),  who 
also  considered  (eniMj)  and  {eniim).  Higher-order  fabric  tensors  also  emerge  in 
the  micromechanical  modelling  of  granular  materials;  for  example,  of 

Mehrabadi  et  al.  (3),  as  well  as  {ninfnijn\).  ft  is  clear  that  the  information 
contained  in  higher-order  tensors  regarding  the  details  of  the  distribution  of 
contact  normals  or  branches,  will,  in  general,  be  lost,  if  only  lower-order  fabric 
tensors  are  employed;  see  Mehrabadi  et  al.  (4). 

If  the  fabric  is  characterized  by  the  distribution  of,  say,  the  contact  normals 
or  the  unit  branches,  then  one  introduces  a  distribution  density  function  and 
seeks  to  quantify  this  directly.  Representation  of  the  distribution  function  in 
terms  of  spherical  harmonics  (in  three  dimensions)  or  Fourier  series  (in  two 
dimensions)  then  naturally  leads  to  various  even-ordered  tensors  which  can  be 
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CONTACT  NORMALS 


Fig  2(a)  Distribution  of  contact  normals  at  the  seven  stages  of  loading  indicated  in  Fig.  2(b) 


ANISOTROPY  OF  GRANUUR  MATERIALS 


41 


Carnal 

Fig  2(b)  Variation  of  stress  ratio  with  shear  strain 


used  to  characterize  the  fabric.  A  rather  complete  summary  and  a  detailed 
discussion  of  the  connections  among  various  representations  can  be  found  in 
Kanatani  (2);  a  brief  review  of  some  of  the  results  is  also  given  by  Onat  (13). 

As  an  example,  consider  the  distribution  of  contact  normals,  and  let  £(n)  be 
the  density  function  for  this  distribution.  Then 


£:(n)  =  £(-n). 


£(n)  dn  =  1 
.  n 


(18) 


where  is  the  unit  sphere,  and  £(n)  dfi  is  the  number  of  contacts  with  the  unit 
normal  falling  in  the  solid  angle  dfi,  about  the  direction  n.  Expanding  £(n)  in 
spherical,  or  circular  harmonics,  one  may  write 

£(n)  =  A[\+  +  J  +  •  •  •]  (19) 

where  A  =  1/;t  in  two  dimensions,  and  =5;r  in  three  dimensions,  and  the 
tensors  J  are  all  deviatoric.  They  can  easily  be  expressed  in  terms  of  various 
even-order  moments  of  the  distribution  of  the  unit  vectors  n.  For  example,  if 
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these  moments  are  denoted  by  M,  and  their  deviatoric  parts,  by  M',  one 
obtains 


2r+  1 
2’' 


(20) 


where  r  is  even. 

Recent  experiments  by  the  author  and  co-workers  on  two-dimensional 
shearing  of  photoelastic  granules  have  clearly  shown  that,  in  general,  one  must 
include  at  least  the  fourth-order  fabric  tensor,  in  order  to  capture  both  the 
inherent  and  the  induced  anisotropy  of  the  granular  material.  This  and  related 
points  are  discussed  elsewhere.  In  Fig.  3,  however,  we  have  shown  a  typical 
example  with  an  actual  distribution  of  contact  normals  and  its  second-  and 
fourth-order  approximations. 


Fabric  in  simple  shear 

Simple  shearing  of  granular  materials  can  be  attained  in  a  large  hollow  circular 
cylindrical  sample  of  relatively  thin  wall,  (The  special  cell  used  in  the  author’s 
laboratory  has  a  25  cm  outside-,  20  cm  inside-diameter,  and  is  25  cm  high.)  The 
shearing  is  produced  by  the  torsion  of  the  sample  about  its  cylindrical  axis.  If  we 


Fig.  3  Actual  distribution  of  contact  normals  and  its  second-  and  fourth-order  approximations 
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assume  that  during  such  shearing  the  wall  thickness  remains  constant,  then  the 
volumetric  change  is  associated  with  the  change  in  the  sample’s  height.  In  this 
case,  a  dilatancy  theory  for  simple  shearing  developed  by  the  author  (5)  can  be 
applied  to  study  the  influence  of  fabric  on  the  dilatancy  and  the  liquefaction 
potential  (saturated  undrained  samples)  of  the  granular  mass.  While  this 
theory  has  been  experimentally  verified  using  a  small  circular  cylindrical 
sample  2  cm  high  and  7  cm  in  diameter,  in  cyclic  horizontal  shearing,  the  state 
of  stress  in  such  a  test  is  very  complex  and  clearly  not  simple  shear;  see  Nemat- 
Nasser  and  Tobita  (9)  and  Nemat-Nasser  and  Takahashi  (8).  In  the  following 
we  shall  give  a  very  simple  and  straightforward  derivation  of  the  basic  dilatancy 
equation  and  then  discuss  its  consequences  in  relation  to  the  simple  cyclic 
shearing  of  saturated  granular  materials. 

Dilatancy  equation  for  simple  shearing 

Consider  a  column  of  granular  material  of  height,  /i,  measured  along  the  y 
direction,  and  of  unit  area,  being  sheared  in  the  x  direction;  Fig.  4(a).  Assume 
that  this  shearing  does  not  change  the  cross-sectional  area  of  the  column  and 
therefore,  volumetric  changes  occur  due  to  the  change  in  height.  The  volu¬ 
metric  strain  rate,  V/V,  then  is 

VIV  =  hlh  (21) 

where  the  superimposed  dot  denotes  time  rate  of  change.  While  the  overall 
shearing  is  in  the  x  direction,  the  flow  of  the  granules  actually  occurs  over  the 
wavy  lines,  such  as  SS,  shown  in  Fig.  4(b).  The  motion  of  a  typical  granule,  say, 
granule  /,  relative  to  its  neighbouring  granules,  contributes  to  the  overall 
volumetric  expansion,  if  the  dilatancy  angle,  vj,  associated  with  this  granule  is 
positive.  The  dilatancy  angle  v;  defines  the  direction  of  the  motion  of  granule  /, 
along  SS,  in  relation  to  its  neighboring  granule.  This  motion  occurs  under  the 
action  of  resultant  forces  Tj  and  A^j,  which  act  on  granule  /;  see  Fig.  4(c).  Define 
the  angle  <pi  such  that 

Tj  =  Ni  tan  0;  (22) 

As  a  basic  assumption,  we  regard  the  relative  motion  of  granule  /  to  be 
governed  by  the  Mohr-Coulomb  criterion,  as  sketched  in  Fig.  4(d).  The  mean 
force  Pj  (positive  in  compression)  is  then  defined  by  the  abscissa  of  the  centre  of 
the  Mohr  circle,  as  shown.  In  Fig.  4(c),  x*  defines  the  direction  of  the  relative 
motion  of  granule  /.  The  resultant  forces  in  the  x*,y*  coordinates  then  are 

Tt  =  Ti  cos  V,  -  A,  sin  Vj 

N*  =  T,  sin  Vi  +  Ni  cos  v, 

As  a  second  basic  assumption,  we  introduce  a  constant  friction  angle  0^,  and 
consider  the  friction  law 


T*  =  N*  tan  0^ 


(24) 
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to  relate  the  tangential  (positive  in  the  direction  of  sliding)  force  T*  to  the 
compressive  (positive)  force  N*  when  the  granule  i  is  active.  From  (22),  (23), 
and  (24)  it  follows  that 

tan  0^  =  tan  (0,  -  Vj)  (25) 

Hence,  under  compression,  granules  with  negative  dilatancy  angles  are  the  first 
to  attain  the  critical  sliding  condition  (25). 

Consider  now  the  rate  of  frictional  work  associated  with  the  ith  granule.  Let 
/*  be  the  rate  of  sliding  of  this  granule  in  the  x*  direction.  The  rate  of  frictional 
work  then  is 


'jy  =  7’.*/.*  =  Tj  sin  (pfihj 

'  '  sin  (0^  -  Vi)  sin  Vi 


(26) 


when  h  =  /*  sin  Vi.  The  rate  of  frictional  work  must  be  balanced  by  the  rate  of 
stress  work  which  consists  of  a  part  due  to  shearing,  TJi,  and  a  part  due  to 
volumetric  expansion,  We  hence  have 


r*A* 

^  I  M 


from  which  it  follows  that 


note  that  is  the  slip-rate  in  the  x  direction. 

Let  Pi  be  the  fraction  of  active  granules  with  dilatancy  angle  Vj 


n 

=  l  (28) 

/=! 


where  there  are  a  total  of  n  active  dilatancy  angles  in  a  unit  volume.  The  total 
rate  of  volumetric  expansion  then  is 


where  hi  is  the  length,  measured  in  the  y  direction,  associated  with  granule  /, 
and  y  =  IJh^  is  the  rate  of  shearing  contributed  by  the  sliding  of  granule  /. 

We  now  make  the  third  assumption  (after  Taylor  (15))  that  the  local  y,  is  the 
same  as  the  global  rate  of  shearing  y,  arriving  at  the  dilatancy  equation 


•  n 

J_  V  _  Y  cos  (0^  +  V,)  sin  V, 
V  y  ^  cos  0^ 


(30) 


When  there  are  a  very  large  number  of  granules,  we  introduce  a  density 
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function  p{v)  for  the  distribution  of  the  dilatancy  angles,  and  replace  (30)  by 


\V 

Vy 


fv+ 


p{v) 

J  v” 


cos  (0^  +  v)sinv^^. 
cos  0^ 


(31) 


where  p(v)  dv  is  the  fraction  of  granules  with  dilatancy  angle  between  v  and 
V  +  dv,  and  v~  >  -nil  and  v"^  <  nil  define  the  range  of  the  dilatancy  angles. 

A  number  of  interesting  observations  emerge  from  equations  (31)  or  (30),  as 
follows; 


(1)  Even  if  the  distribution  of  the  dilatancy  angle,  p{v),  may  be  initially 
symmetric  with  respect  to  v  =  0,  since  0^  is  positive,  initial  shearing  under 
compression  is  always  accompanied  by  an  initial  compaction.  For 
example,  if  p{v)  is  uniform  for  \v\  Vq,  simple  calculation  immediately 
reveals  this  fact  from  equation  (31). 

(2)  Since  p(v)  is  the  distribution  function  of  the  dilatancy  angles  at  active 
granules,  it  is  intuitively  clear  that,  for  an  isotropically  formed  sample, 
this  distribution  tends  to  be  biased  toward  negative  dilatancy  angles, 
under  uniform  confining  pressures.  This  observation  again  suggests  a 
greater  tendency  toward  initial  densification  in  shearing  for  an  otherwise 
isotropic  sample. 

(3)  As  the  sample  is  monotonically  sheared,  the  distribution  function  p{v) 
tends  to  become  more  biased  toward  positive  dilatancy  angles,  eventually 
leading  to  positive  dilatancy.  This  is  intuitively  clear,  since  the  granules 
tend  to  be  engaged  by  the  neighboring  granules  in  a  monotonic  shearing, 
up  to  the  peak  stress.  Furthermore,  experimental  observation  on  rod¬ 
shaped  granules  supports  this. 

(4)  Suppose  a  sample  has  been  sheared  monotonically,  say,  in  the  positive  x 
direction,  until  a  strong  bias  toward  positive  dilatancy  angles  has  been 
developed.  Upon  reversal  of  the  shearing,  the  distribution  of  the  dila¬ 
tancy  angles  will  then  be  strongly  biased  toward  the  negative  dilatancy 
angles,  leading  to  a  strong  tendency  toward  densification.  Hence,  pre¬ 
shearing  to  large  strain  amplitudes  (less  than  the  strain  associated  with  the 
peak  stress)  renders  the  sample  strongly  susceptible  to  densification 
(drained)  or  liquefaction  (undrained)  during  load  reversal. 

The  above  observations  have  been  systematically  verified  by  the  author  and 
co-workers  (Nemat-Nasser  and  Tobita  (9)  and  Nemat-Nasser  and  Takahashi 
(8))  for  a  solid  circular  cylindrical  sample  of  sand  subjected  to  cyclic  shearing. 
In  particular,  after  a  series  of  careful  experiments,  Nemat-Nasser  and  Taka¬ 
hashi  (8)  report  the  following  conclusions,  taken  directly  from  p.  1305  of  their 
paper. 

(1)  In  cyclic  simple  shearing,  the  resistance  to  re-liquefaction  (undrained)  or 
densification  (drained)  of  a  pre-liquened  sample  actully  increases,  be¬ 
cause  of  the  concomitant  densification,  if  the  pre-liquefaction  is  termi- 
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nated  at  zero  residual  s\ic2a strain^  but  this  resistance  becomes  verj*  smalls 
if  the  pre-liquefaction  is  terminated  at  zero  residual  shear  stress. 

(2)  The  inherent  anisotropy  associated  with  sample  preparation  techniques 
affects  both  the  densihcation  and  liquefaction  potential  of  the  sample. 

(3)  Within  each  cycle  of  simple  shearing,  the  induced  anisotropy  is  essentially 
wiped  out  in  the  neighbourhood  of  zero  shear  strain^  and  the  anisotropy 
that  exists  at  this  state  is  basically  due  to  the  sample  preparation  tech¬ 
niques  (i.e.,  it  is  the  inherent  anisotropy),  provided  that  the  sample  is  not 
very  loose  and  the  strain  amplitude  is  not  very  large. 

(4)  For  simple  shearing,  the  distribution  of  the  dilatancy  angles  characteriz¬ 
ing  the  fabric  may  be  related  to  the  shear  strain  and,  in  this  manner,  the 
densihcation  pattern  may  be  estimated. 

Since  the  state  of  deformation  in  the  sample  used  to  arrive  at  the  above 
conclusions  is  very  complex  and  is  clearly  not  simple  shearing,  a  new  series  of 
tests  on  large,  hollow,  circular,  cylindrical  samples  has  been  initiated  in  the 
author’s  laboratory  at  the  University  of  California  at  San  Diego.  Preliminary 
tests  clearly  support  the  basic  conclusions  listed  above.  However,  in  complex 
cyclic  loading,  where  all  three  principal  values  of  the  deformation  rate  tensor 
may  be  non-zero,  and  hence  there  are,  in  general,  three  non-zero  principal 
shear  strains,  some  of  the  above  notions  will  have  to  be  generalized. 
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A  brief  summary  of  some  relevant  theoretical  and  experimental  results  on  the  microscopic  aspects  of  the  response  of 
granular  masses  is  presented.  The  results  of  a  series  of  expenments  involving  simple  shearing  under  a  constant  confimng 
pressure,  performed  on  photoelastic  rod-like  granules  (plane  strain)  are  reported  In  these  expenments,  the  components  of 
various  fabric  tensors  are  measured,  and  their  variations  over  one  cycle  of  sheanng  are  examined  and  compared.  The 
orientations  of  the  principal  axes  of  all  commonly  used  fabric  tensors  are  observed  to  change  sharply  with  the  reversal  of  the 
shearing  direction.  It  is  also  concluded  that,  in  general,  second-order  fabnc  tensors  are  not  adequate  to  accurately  descnbe  the 
distribution  of  fabric  measures  such  as  the  distribution  density  function  of  unit  contact  normals  or  unit  branches  which  are 
unit  vectors  along  line  segments  connecting  the  centroids  of  adjacent  contacting  granules.  This  is  particularly  so  when  the 
response  of  the  granular  mass  is  highly  anisotropic.  Finally,  the  expression  for  the  macroscopic  stress  in  terms  of  the  contact 
forces  and  other  local  quantities,  is  reviewed  and  its  experimental  verification  is  discussed. 


1.  Introduction 

A  granular  mass  which  consists  of  rigid  cohe¬ 
sionless  granules  carries  on  the  microscopic  scale, 
the  overall  macroscopic  stresses  through  forces 
transmitted  across  contact  regions.  It  is  essential 
to  understand  the  micromechanics  of  the  overall 
behavior  of  materials  of  this  kind  under  various 
loading  conditions.  To  this  end,  triaxial  tests,  bi¬ 
axial  compression,  and  shear  tests  have  been  per¬ 
formed  on  these  materials  (see,  e.g..  Parkin  et  al., 
1968;  Roscoe  et  al.,  1967;  Arthur  and  Menzies, 
1972;  Oda,  1972a,  1972b,  1978;  Oda  and  Konishi, 
1974a,  1974b;  Ochiai,  1975;  Nemat-Nasser,  1980; 
Oda  et  al.,  1982;  Konislii  et  al.,  1983;  Mehrabadi 
et  al.,  1988).  In  addition,  theoretical  models  have 
been  proposed  in  the  literature  in  order  to  quan¬ 
tify  from  a  fundamental  point  of  view  the  experi¬ 
mental  observations  (Christoffersen  et  al.,  1981; 
Oda,  1975;  Konishi,  1978;  Mehrabadi  et  al.,  1982; 
Mehrabadi  and  Nemat-Nasser,  1983;  Nemat- 


Nasser,  1983,  1988).  These  models  seek  to  include 
the  essential  ingredients  of  the  underlying  micro¬ 
mechanical  features.  They  have  led  to  the  descrip¬ 
tion  of  the  overall  stress,  fabric,  overall  deforma¬ 
tion  rate,  and  the  evolution  of  the  corresponding 
rate  constitutive  relations  in  terms  of  various  mi¬ 
croquantities. 

The  present  study  is  concerned  with  the  micro¬ 
mechanical  modelling  of  the  behavior  of  granular 
materials,  and  with  the  understanding  of  their 
overall  mechanical  response  under  shearing  in  the 
presence  of  an  overall  confining  pressure.  The 
main  objectives  are  (1)  to  measure  the  components 
of  various  fabric  measures  and  compare  them  with 
each  other,  (2)  to  relate  the  overall  stress  and 
fabric  measures  and  verify  the  results  expenmen- 
tally,  (3)  to  observe  how  the  orientations  of  the 
principal  axes  of  each  tensonal  fabnc  measure 
change  over  a  cycle  of  deformation,  (4)  to  examine 
the  representation  of  the  corresponding  distribu¬ 
tion  density  functions  and  to  establish  the  re- 


0167-6636/91 /S03.50  1991  -  Elsevier  Science  Publishers  B  V 


88 


G  Subhash  et  al.  /  Granular  materials 


quired  accuracy  in  the  order  of  their  harmonic 
expansion,  and  finally  (5)  to  study  the  relation 
between  the  macroscopic  stress  and  the  local 
quantities  such  as  the  contact  forces. 

To  accomplish  the  above  objectives,  experi¬ 
ments  have  been  performed  on  photoelastically 
sensitive  rod-shaped  particles  of  oval  cross  sec¬ 
tions  with  different  sizes.  Microscopic  quantities 
such  as  the  orientations  of  unit  contact  normals 
and  unit  branches  have  been  measured  and  their 
evolution  during  a  cycle  of  shearing  has  been 
observed. 

Results  of  these  experiments  show  that  fabric  is 
closely  related  to  stress.  Though  many  fabric 
tensors  have  been  proposed  in  the  literature  (Oda 
et  al.,  1982;  Mehrabadi  and  Nemat-Nasser,  1983), 
our  experimental  results  seem  to  suggest  that  the 
off-diagonal  terms  in  all  these  tensors  closely  fol¬ 
low  the  overall  stress-strain  relation.  It  is  also 
found  that  in  the  representation  of  the  distribu¬ 
tion  density  functions  of  contact  normals  and  unit 
branches,  the  second-order  terms  alone  are  not 
adequate  to  capture  accurately  the  involved  ani¬ 
sotropy.  Hence,  the  fourth-order  terms  must  be 
included.  The  tensor,  ((mJj)  +  (mjf))/2,  has 
been  shown  to  be  indeed  proportional  to  the  mac¬ 
roscopic  stress.  (Here,  m,  are  the  components  of 
the  unit  center-to-center  vector  of  two  contacting 
granules,  called  the  branch,  and  fj  are  the  compo¬ 
nents  of  the  force  acting  at  the  corresponding 
contact  point:  the  symbol  (  ■  •  •  >  denotes  the  un¬ 
weighted  volume  average.)  The  diagonal  terms, 
(m,/,)  and  (wi/i),  remain  constant,  repre¬ 
senting  the  constant  confining  pressure;  the  off-di¬ 
agonal  terms,  ((w,/,)  +  {niif y))/2,  follow  the 
variation  of  the  applied  shear  stress.  This  is  also 
the  case  for  the  fabric  tensors  to  be  discussed 
later. 


2.  Material  and  apparatus 

The  granular  materials  tested  are  composed  of 
cylindrical  rods  of  oval  cross  sections.  Three  dif¬ 
ferent  sizes  are  used  to  obtain  a  dense  packing;  see 
Table  1.  These  granules  have  been  cast  using 
polyurethane  rubber  of  photoelastic  cortstant  82.5 
mm/kg.  The  samples  considered  in  the  experi- 


Table  1 


Size 

Max.  dia. 
(mm) 

Aspect 

ratio 

Weight  (g) 

large 

14.95 

1.14 

3.3 

medium 

9.7 

1.1 

1.5 

small 

6.4 

1.1 

0.7 

ments  were  relatively  dense  with  an  initial  void 
ratio  of  about  0.18.  The  average  coordination 
number  of  the  packing  was  around  1.27. 

2.1.  Experimental  procedure 

The  equipment  and  the  experimental  procedure 
have  been  briefly  described  earlier  by  Mehrabadi 
et  al.  (1988). 

The  testing  equipment  consists  of  a  rigid  outer 
frame  and  an  internal  frame  (Fig.  1)  which  can  be 
deformed  in  shear  while  allowing  for  volumetric 
straining.  On  this  internal  frame,  two  horizontal 
and  two  vertical  bars  are  mounted  which  could  be 
moved  in  parallel  on  the  internal  frame.  These  are 
denoted  by  HBl,  HB2.  VBl.  and  VB2,  respec- 
tively,  in  Fig.  2.  The  granules  can  be  packed  inside 
the  frame  formed  by  these  bars.  The  confining 
pressure  is  applied  on  the  sample  by  means  of 
weights  P.  The  bar  HBl  is  lifted  up  by  springs  to 
balance  its  weight.  An  additional  weight  W  is 
applied  on  HBl  and  HB2  to  balance  the  weights 
of  these  bars  and  the  granules,  and  the  tension  in 
the  springs. 

To  assess  the  influence  of  the  friction  of  the 
apparatus  on  the  measured  forces,  an  experiment 
was  performed  where  the  granules  are  replaced  by 
equivalent  weights,  keeping  the  rest  of  the  experi¬ 
mental  conditions  the  same.  The  horizontal  shear 
force  is  then  applied  to  the  frame  and  the  fric¬ 
tional  resistance  of  the  frame  is  measured  over  one 
cycle. 

A  linear  least-squares  approximation  is  fitted 
through  the  points  obtained  from  the  faction  test 
and  these  values  are  subtracted  from  the  corre¬ 
sponding  horizontal  shear  forces  applied  to  the 
granules.  Note  that  the  friction  test  and  the  actual 
test  on  the  granules  are  performed  in  the  same 
direction  and  the  same  sequence  over  one  cycle. 
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Fig.  1.  Testing  equipment. 


The  granules  are  packed  in  the  internal  frame 
of  20  cm  by  20  cm,  formed  by  bars  HBl,  HBl, 
VBl,  and  VB2.  To  minimize  the  effect  of  the 
boundaries,  analyses  are  performed  on  granules 
within  a  central  part  which  constitutes  the  sample, 
see  Fig.  3.  The  granular  mass  is  subjected  to  a 


confining  pressure  of  1200  g  and  is  sheared  hori¬ 
zontally  by  incremental  displacements.  The  ap¬ 
plied  load  on  the  granules  is  measured  by  a  load 
cell,  Lc.  The  horizontal  and  vertical  movements  of 
the  bars  are  measured  by  the  transducers  PI  to  P8. 
The  shear  strain  is  recorded  by  an  LVDT,  Lv. 

The  loading  frame  is  placed  in  the  field  of  a 
circular  polariscope  consisting  of  a  monochro¬ 
matic  light  source,  a  polarizer,  two  quarter  wave 
plates,  and  an  analyzer.  After  the  packing  is  com- 


region  of  analysis 


90 


G.  Subhash  ei  al.  /  Granular  materials 


plete,  under  a  confining  load,  the  shearing  is  ap¬ 
plied  incrementally.  At  each  stage  of  loading,  pho¬ 
tographs  of  the  isochromatic  fringe  pattern  in  the 
stressed  assembly  are  taken.  These  photographs 
are  later  analyzed  using  a  digital  image  analysis 
system  consisting  of  a  PC  AT,  a  frame  grabber 
(PC  vision  plus)  from  Imaging  Technology  Inc.,  a 
Vidicon  camera  (CIOOO)  from  Hamamatsu  TV 
Co.,  and  a  Trinitron  color  video  monitor  from 
Sony.  With  the  aid  of  software  “Imlab”  and  “Im- 
tool”  from  Imaging  Technology,  a  powerful  pro¬ 
gram  for  obtaining  several  microscopic  quantities 
was  developed.  With  this  program  one  can  mea¬ 
sure  the  number  of  fringes,  length  of  major  axes, 
orientation  of  contact  normals  and  branches,  and 
other  needed  parameters.  One  can  also  produce 
the  actual,  and  the  second-  and  fourth-order  ap¬ 
proximations  of  the  distribution  density  functions 
of  the  unit  contact  normals,  the  unit  branches,  and 
their  weighted  averages  which  are  given  by  the 
product  of  the  particular  unit  vector  and  the  num¬ 
ber  of  fringes  multiplied  by  the  force  per  fringe 
factor.  This  factor  is  measured  in  a  separate  ex¬ 
periment  to  be  27  g/fringe  for  the  granules  used 
in  this  experiment.  In  this  manner  a  wealth  of 
microscopic  measures  is  efficiently  obtained.  These 
results  are  then  used  to  compute  the  tensorial 
components  of  various  fabric  measures  which  have 
been  proposed  earlier  in  the  literature,  and  to 
check  their  relation  to  the  overall  stress  and  defor¬ 
mation  measures. 

To  understand  the  response  of  the  equipment 
under  the  loads  applied  to  the  granular  mass,  and, 
in  particular,  to  establish  whether  simple  or  pure 
shearing  is  involved,  a  separate  test  is  performed 
on  the  equipment  under  actual  test  conditions.  A 
fixed  reference  point  was  chosen  on  the  rigid 
frame,  and  the  movement  of  the  hinge  points  Al 
to  C4  is  recorded  over  one  cycle  of  deformation, 
see  Fig,  2,  The  following  conclusions  are  obtained; 

(1)  there  is  no  relative  movement  of  points  Al  to 
A4  throughout  the  entire  cycle,  and 

(2)  points  B1  to  B4,  and  Cl  to  C4  do  not  undergo 
any  appreciable  motion  in  the  vertical  direc¬ 
tion. 

Therefore,  it  is  concluded  that  the  granular  mass  is 
subjected  to  simple  shear  rather  than  pure  shear. 


3.  Fabric  elements  and  their  effect  on  overall  prop¬ 
erties  of  granular  masses 

Granular  masses  carry  overall  apphed  loads 
through  contact  friction.  The  description  of  the 
overall  mechanical  response  of  these  materials  re¬ 
quires  description  of  the  overall  stress,  fabric,  de¬ 
formation  rate,  their  evolution,  and  the  overall 
rate  constitutive  relations,  in  terms  of  various  rele¬ 
vant  microquantities.  We  will  not  address  the 
question  of  constitutive  relations  here,  since  this  is 
available  elsewhere  in  the  literature  (see  Nemat- 
Nasser  and  Mehrabadi,  1983). 

Fabric  refers  to  the  spatial  arrangement  of  par¬ 
ticles  and  associated  voids  (Oda,  1978).  This  may 
include  (1)  orientation  fabric,  and  (2)  packing 
which  is  concerned  with  the  mutual  relation  of 
individual  particles. 

The  fabric  measures  are  used  to  establish  the 
anisotropy  of  a  granular  mass.  Arthur  and  Menzies 
(1972),  in  their  paper,  state  that  Casagrande  and 
Carrillo  (1944)  were  probably  the  first  to  dis¬ 
tinguish  between  two  forms  of  anisotropy  in  soils, 
which  they  called  the  inherent  and  the  induced 
anisotropies,  suggesting  that  anisotropy  may  be 
present  before  the  soil  is  strained  or  it  may  be 
induced  by  the  straining  process.  They  defined  the 
inherent  anisotropy  as  “a  physical  characteristic 
inherent  in  the  material  and  entirely  independent 
of  the  applied  strains”,  and  the  induced  ani¬ 
sotropy  as  “a  physical  characteristic  which  is  ex¬ 
clusively  due  to  the  strain  associated  with  an  ap¬ 
plied  stress”.  Inherent  anisotropy  is  produced  es¬ 
sentially  by  the  process  of  deposition  (Arthur  and 
Menzies,  1972;  Oda,  1972a).  This  is  because  every 
particle  tends  to  rest  in  the  most  stable  position 
and  preferred  orientation,  with  respect  to  the 
gravitational  or  other  relevant  force.  Induced  ani¬ 
sotropy  is  produced  in  the  course  of  deformation 
in  response  to  overall  applied  loads.  Both  types  of 
anisotropy  can  have  a  profound  influence  on  the 
response  and  failure  modes  of  granular  masses. 
Arthur  and  Menzies  (1972)  concluded  that  any 
general  formulation  of  stress-strain  relations  for 
noncohesive  soils  must  account  for  the  large  in¬ 
fluence  of  inherent  anisotropy.  Arthui  et  al.  (1977j, 
and  Oda  et  al.  (1985)  studied  induced  anisotropy 
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in  sand.  A  major  difficulty  in  such  a  study  is  the 
controlled  rotation  of  the  principal  stress  during 
shear.  In  some  tests,  rotations  have  been  imposed 
by  cutting  cohesive  soil  samples  at  chosen  orienta¬ 
tions  from  larger  blocks  of  the  soil  (Bishop,  1966). 
In  granular  soils,  Oda  (1972b)  made  measure¬ 
ments  of  changes  in  particle  packing  at  various 
stages  of  shearing  with  constant  principal  stress 
directions.  Oda  and  Konishi  (1974)  observed  the 
rotation  of  the  principal  stress  directions  in  simple 
shear.  Similar  observations  made  under  the  pres¬ 
ent  experimental  work  will  be  discussed  later  in 
this  paper. 


4.  Stress  and  fabric  in  granular  masses 

Stress  is  a  continuum  concept.  Many  authors 
have  defined  stress  in  terms  of  average  contact 
forces  (see  e.g.,  Christoffersen  et  al.,  1981; 
Mehrabadi  et  al,  1982;  Nemat-Nasser  and  Tobita, 
1982;  Oda  et  al,  1982).  Nemat-Nasser  (1988)  has 
summarized  some  of  these  results  within  the 
framework  of  continuum  mechanics.  Consider  a 
collection  of  granules  with  overall  volume  V  and 
overall  surface  S,  subjected  to  self-equilibrating 
tractions  T  applied  on  its  boundary  S.  This  pro¬ 
duces  contact  forces  at  the  contacting  granules.  If 
we  assume  a  large  number  of  granules  in  V,  both 
continuum  and  statistical  formulations  of  the 
overall  stress  are  permissible.  If  a{x)  is  a  variable 
stress  field  in  equilibrium  with  the  applied  trac¬ 
tions  T,  and  if  body  forces  are  zer' ,  then  we  must 
have 

a,j  j  =  0  in  K, 

o,jVj=f,  on  S,  (4.1) 

where  v  is  the  exterior  unit  normal  on  S.  The 
overall  stress  is  the  simple  volume  average  of  this 
self-equilibrating  stress  field, 

d^^f^a{x)dV.  (4.2) 

The  stress  field  may  vary  discontinuously  from 
granule  to  granule,  but  it  must  produce  continu¬ 


ous  tractions  across  the  contact  area  of  any  two 
contacting  granules,  say  A  and  B.  Therefore, 

=  (4.3) 

where  n  is  the  unit  normal  on  the  contact  area, 
which  points  from  A  to  B.  The  symbol  [  •  •  •  ] 
indicates  the  “jump”,  i.e., 

(4.4) 

which  is  the  difference  of  stress  in  A  and  B  at  the 
contact  point.  In  the  absence  of  any  pore  fluid  or 
gas  pressure,  (4.2)  may  be  written  as 

Mo  Mo 

o(x)dV=^  (4.5) 

where  c“  is  the  volume  fraction  of  the  ath  gran¬ 
ule,  i.e.,  c“  =  VJ  V,  Mq  is  the  total  number  of 
granules  in  volume  V,  and  o“  is  the  average  stress 
within  the  ath  granule.  From  (4.1)  and  (4.3),  it 
follows  that 


fjx,a,,K  iy-fx,T,  iS-S„ 

=  ^  E  x;f:.  (4.6) 


where  M,  is  the  number  of  points  on  the  outer 
boundary  S  at  which  concentrated  forces  F"  are 
applied.  Since  this  representation  does  not  involve 
the  contact  forces  at  the  interior  contacting  gran¬ 
ules,  it  does  not  involve  the  microstructure.  Alter¬ 
nate  representations  which  include  the  microstruc¬ 
ture  have,  therefore,  been  proposed. 

Christoffersen  et  al.  (1981)  showed  that  the 
overall  stress  may  be  defined  in  terms  of  the 
volume  average  of  the  tensor  product  of  the  con¬ 
tact  forces  and  the  associated  branch  sectors.  They 
used  the  principle  of  virtual  work  to  show  that  the 
overall  average  Cauchy  stress,  a,  in  a  representa¬ 
tive  sample  of  a  granular  mass  can  be  written  as 

o.,=  ]^fo,^dv  =  N(l,Q,  (4.7) 

where 
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Here,  V  is  the  volume  of  the  sample,  a,j  is  the 
variable  stress  in  equilibrium  with  the  applied 
loads,  N  is  the  number  of  contact  points  in  the 
sample,  /“  is  the  contact  force  at  the  typical 
contact  a,  and  /“  is  the  corresponding  branch,  i.e. 
the  center-to-center  vector  of  two  contacting  gran¬ 
ules. 

Many  fabric  measures  have  been  introduced  in 
the  literature.  For  spherical  granules,  Oda  et  al. 
(1982)  proposed  the  fabric  tensor 

F,j  =  Nl(n,nj),  (4.9) 

and,  for  nonspherical  granules,  the  tensor 

F,j  =  Nl(m,mj),  (4.10) 

where  /  is  the  average  value  of  the  branch  lengths, 
and  n,  and  m,  are  the  components  of  a  typical 
unit  contact  normal  and  a  unit  branch,  respec¬ 
tively.  Satake  (1978)  defined  an  “anisotropic 

tensor”  by 

^  =  <«<«;>•  (4.11) 


Another  fabric  measure  considered  by  Nemat- 
Nasser  and  Mehrabadi  (1983)  is 

H,j  =  N(alm,nj),  (4.12) 

where  a  is  the  contact  area.  We  note  that  the 
choice  of  a  particular  fabric  measure  is  a  matter  of 
convenience  and  its  suitability  is  judged  by  com¬ 
parison  with  experimental  observation. 

From  our  experimental  data,  many  of  the  above 
tensors  can  be  calculated.  We  have  considered  the 
tensor  (tn.fj),  where  /  has  been  interpreted  as 
the  weighted  fringe  bias  which  is  given  by  the 
product  of  the  unit  fringe  bias  and  the  number  of 
fringes  as  measured  on  the  digitized  picture  multi¬ 
plied  by  the  force  per  fringe.  The  average  of  the 
off-diagonal  terms  has  been  scaled  so  that  its 
range  is  the  same  as  that  of  the  appUed  shear 
stress.  The  graph  is  then  translated  to  match  the 
stress  at  the  extreme  points,  see  Fig.  4.  This  does 
not  change  the  shape  of  the  curve,  but  determines 
a  scale  factor  to  relate  the  overall  stress  to  the 
corresponding  average  quantities. 


Fig.  4  Plot  of  stress  ratio  and  the  average  of  the  off-diagonal  terms  of  the  tensor  (mjj)  vs.  shear  strain.  There  is  a  very  good 
agreement  between  the  above  two  quantities. 
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The  weighted  fringe  bias  is  not  an  exact  repre¬ 
sentation  of  the  contact  force.  It  may  however,  be 
taken  as  a  good  measure  of  this  force.  The  diago¬ 
nal  terms  in  the  tensor  (mjj)  remain  almost 
constant,  representing  the  constant  confining  pres¬ 
sure,  see  Fig.  5.  The  off-diagonal  terms  of  the 
tensors  and  (n,nj),  plotted  in  Fig.  6, 

have  very  good  agreement  with  the  overall  stress 
ratio.  Figure  7  is  the  plot  of  diagonal  terms 
and  vs.  the  shear  strain.  It  is  clearly 

apparent  that  these  quantities  remain  almost  con¬ 
stant  throughout  the  deformation.  (Note  that 
(/J2«2>  ("*2^2)  ^Iso  remain  almost  constant 

because  ==  1  and  {m-^m{)  -I- 

(w2"t2)  =  !•)  Thus,  it  can  be  concluded  that  the 
diagonal  terms  in  each  tensor  are  proportional  to 
the  confining  pressure  and  the  off-diagonal  terms 
are  proportional  to  the  applied  shear  stress.  Also, 
note  that  the  corresponding  components  of  the 
tensors  associated  with  the  branches  and  contact 
normals  are  almost  identical. 


5.  Mechanism  of  strain  hardening 

A  typical  plot  of  stress  ratio  vs.  shear  strain  is 
shown  in  Fig.  8.  When  a  granular  medium  is  strain 
hardening,  its  plastic  deformation  is  accompanied 
by  a  stress  increment.  When  the  granular  medium 
deforms  under  increasing  stress  ratios,  rearrange¬ 
ment  of  particles  occurs  to  withstand  the  increas¬ 
ing  stress  ratio.  Therefore,  contact  normals  tend  to 
concentrate  in  the  direction  of  the  principal  stress 
axis,  as  is  clearly  observed  in  the  form  of  chains  of 
heavily  stressed  particles.  The  average  direction  of 
these  “chains”  tends  in  the  direction  of  the  major 
principal  stress  axis.  As  a  result  of  this  concentra¬ 
tion,  a  strong  fabric  anisotropy  develops,  see  Oda 
(1974, 1978). 

It  is  also  observed  that  the  principal  stress  axes 
of  each  tensor  rotate  with  a  change  in  the  magni¬ 
tude  and  direction  of  applied  shear  stress.  This 
can  be  clearly  observed  from  the  rose  diagrams  of 
unit  contact  normals  and  unit  branches,  Figs.  9(a) 


Fig  7  Plot  of  the  diagonal  terms  of  the  tensors  and  {n,nj}  which  remain  almost  constant  througliout  the  deformation 

process. 
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Shear  Stroin 

Fig,  8.  Strain  hardening  behavior  of  granular  materials  can  be  clearly  observed  in  the  first  quarter  cycle  of  the  experiment. 


and  9(b).  The  distributions  of  both  contact  nor¬ 
mals  and  branches  and  their  evolutions  are  quite 
similar.  The  orientation  of  the  major  principal  axis 
vs.  the  shear  strain  is  plotted  in  Fig.  10  for  tensors 
(mjj),  and  In  all  three  cases,  it 

is  observed  that  the  orientations  of  the  corre¬ 
sponding  principal  axes  change  rapidly  during  the 
early  stages  of  deformation,  approach  constant 
values  in  the  range  130° -140°,  and  remain  con¬ 
stant  thereafter.  Once  the  direction  of  shearing  is 
reversed,  a  rapid  change  by  90°  in  the  orienta¬ 
tions  of  the  principal  axes  of  the  fabric  occurs. 
Their  orientations  then  remain  constant  until  a 
further  change  in  the  direction  of  shearing  occurs. 
This  process  repeats  in  each  cycle. 


6.  Dilatancy 

Granular  materials  exhibit  volume  changes 
when  sheared  under  confining  pressure.  Figure  11 
shows  the  relation  between  the  shear  and  volumet¬ 


ric  strains.  An  initial  densification  is  seen  to  be 
followed  by  dilation,  typical  of  almost  all  granular 
materials. 

The  dilatancy  equation  proposed  by  Nemat- 
Nasser  (1980)  is, 

/'(»')  cos(<#.^  +  r)  sin  j'd/', 

(6.1) 

where  is  the  angle  between  the  contact  unit 
normal  and  the  vertical  axis,  p(j')  is  the  distribu¬ 
tion  function  for  the  angle  of  active  contacts, 

<  Tt/2  and  y~>  v/l  define  the  range  of  varia¬ 
tion  of  the  dilatancy  angles,  and  <t>^  is  the  angle  of 
sUding  friction. 

In  (6.1)  it  is  assumed  that  the  local  y,  is  the 
same  as  the  global  rate  of  shearing  y,  where  y,  is 
the  rate  of  shearing  contributed  by  the  sliding  of 
granule  /.  Nemat-Nasser  makes  a  number  of  inter¬ 
esting  observations  from  (6.1),  which  explains  the 
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Fig  9a  Rose  diagrams  of  unit  contact  normals 
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Fig.  9a,  (continued). 


dilatant  behavior  of  granular  materials.  The  ob¬ 
servations  are  summarized  below. 

Under  uniform  confining  pressure,  the  distribu¬ 
tion  density  function  of  the  dilatancy  angles  at 
active  granu':;,  p{y),  tends  to  be  biased  toward 
negative  dilatancy  .angles,  leading  to  initial  densifi- 
cation  in  shearing.  As  the  sample  is  monotonically 
sheared,  the  distribution  function  p{p)  tends  to 
become  biased  toward  positive  dilatancy  angles, 
eventually  leading  to  positive  dilatancy.  Suppose  a 
sample  has  been  sheared  monotonically,  say,  in 
the  positive  u:-direction,  until  a  strong  bias  toward 


positive  dilatancy  angles  has  been  developed. 
Upon  reversal  of  shearing,  the  distribution  of  the 
dilatancy  angles  will  then  be  strongly  biased  to¬ 
ward  the  negative  dilatancy  angles,  leading  to  a 
strong  tendency  toward  densification.  Hence,  pre¬ 
shearing  to  a  large  strain  amplitude  (less  than  the 
strain  associated  with  the  peak  stress)  renders 
the  same  strongly  susceptible  to  densification 
(drained)  or  liquefaction  (undrained)  during  load 
reversal.  The  above  observations  have  been  veri¬ 
fied  b>  Nemat-Nasser  and  Tobita  (1982)  and 
Nemat-Nasser  and  Takahashi  (1984).  for  a  cir- 
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Fig  9b  Rose  diagrams  of  unit  branches 
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ciilar  cylindrical  sample  of  sand  subjected  to  cyclic 
shearing.  The  same  is  also  verified  in  the  present 
experiments  on  photoelastic  rods. 

7.  Fabric  tensors  and  representation  of  distribution 
density'  functions 

Distribution  of  directional  !  ta  is  characterized 
by  what  is  termed  “fabric  tensors”.  In  our  analy¬ 
sis,  “direction”  or  “orientation”  means  “axis”, 
and  the  direction  is  indicated  by  a  unit  vector  n. 

Several  fabric  tensors  have  been  discussed  in 
Section  4.  These  tensors  are,  by  necessity,  of  even 
orders.  They  define  the  distribution  of  contact 
normals,  n,  or  unit  branches,  m.  Examples  are 


{n,nj)  and  which  are  symmetric,  and 

(n,mj)  which  is  nonsymmetric.  Higher  order 
fabric  tensors,  like  {ti^rijm^mi)  and  {n^njtti^ni), 
may  also  be  considered.  The  inclusion  of  higher 
order  tensors  provides  more  information  regarding 
the  details  of  the  anisotropy  involved  in  each 
distribution;  Kanatani  (1984). 

Let  E{n)  be  a  distribution  density  function  of 
contact  normals.  Then 

E{n)  =  E{-n)  and  j'£(n)df2  =  l,  (7.1) 

where  is  the  unit  sphere,  and  £(/j)  dfi  is  the 
number  of  data  points  falling  in  the  solid  angle 
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Fig,  10.  Plot  of  onentations  of  the  major  principal  axes  of  the  tensors  and  (n,nj).  The  onentations  of  the  principal 

axes  change  rapidly  and  reach  a  constant  value  between  130°  and  140°,  until  further  change  in  the  direction  of  sheanng  occurs. 
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Fig  11  Plot  of  volumetnc  strain  vs  shear  strain  in  granular  materials  when  subjected  to  shear  under  confining  pressure 
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dQ,  about  the  direction  n.  Expanding  E{n)  in 
spherical  or  circular  harmonics,  gives 

£(ii)  -  /l[l  +  +  /,«n,n,n,n,+  ■  ■  ■  ] , 

(7.2) 

where  A  =  1/(211)  in  two  dimensions,  and  1/(4 it) 
in  three  dimensions.  J,j  and  are  all  deviatoric 
and  are  expressed  in  two  dimensions  as 

^A:/=  16[(«,n^«*«/>  -  fi(, /«*«,)>  +  • 

(7.3) 

The  angular  brackets  denote  averages  taken  over 
all  orientations.  J,j  and  are  symmetric  and 
traceless.  J^j  has  been  related  to  various  fabric 
tensors  in  the  literature. 

The  components  of  the  above  two  tensors  can 
be  represented  in  two  dimensions,  in  terms  of  the 
four  parameters  A,  B,  C,  and  D  defined  by 

A  =  (sin  6  cos  6),  B  =  (sin  6  cos^O),  . 
C=(cos^e),  D^(cos^e), 


where  $  is  the  orientation  of  n  or  m,  measured 
from  the  horizontal.  The  distribution  density  func¬ 
tion  in  terms  of  these  parameters  now  becomes 

E^^\n)  =  +  ^[2^  sin  20+  (2C-  l)cos  20], 

E^‘*^{n)  =  ^  [2^  sin  20  +  (2C  -  l)cos  20 

-f  (l-8C-f  8Z))cos  A0 

-l-4(25-yf)sin4^],  (7.5) 

where  the  superscript  on  E  indicates  the  order  of 
terms  included  in  the  expansion  of  E{n).  Note 
that  the  parameters  A  and  C  are  related  to  the 
degree  of  concentration,  J,  and  the  preferred 
orientation,  introduced  by  Konishi  (1978), 
where 

r~  =  \J,jJ,^  =  AA^  +  [\-2C)\  (7.6) 

and 

tan  2^  =  “  1  -  2C  • 


Fig  12  The  parameters  C  and  D.  which  are  the  diagonal  terms  in  fabnc  tensors  J,j  and  remain  almost  constant  tliroughout  the 
deformation  process 
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Here,  is  the  same  as  the  angle  of  the  principal 
axis  of  tensor  or  (n,nj),  which  is  plotted 

against  shear  strain  in  Fig.  10. 

The  parameters  A,  B,  C,  and  D  have  been 
measured  at  each  stage  of  the  experiment.  A  and 
C  represent  the  terms  («in2)>  (”i"i)  or 

(n2«2)  io  the  fabric  tensor  (n,nj),  respectively 
(or  the  corresponding  terms  in  as  dis¬ 

cussed  before.  The  parameters  C  and  D  are  the 
diagonal  terms  in  the  fabric  tensors  J,j  and 
respectively,  and  from  Fig.  12  they  seem  to  remain 
almost  constant  throughout  the  deformation  pro¬ 
cess,  representing  the  constant  confining  pressure. 
The  off-diagonal  terms,  for  example  A  and  B, 
behave  similarly  to  the  applied  shear  stress.  The 
parameter  A  vs.  the  shear  strain  is  already  plotted 
for  both  unit  normals  and  unit  branches  in  Fig.  6, 
and  B  vs.  shear  strain  is  shown  in  Fig.  13.  Also 
the  parameters  B  and  D  behave  similarly  to  A 
and  C,  respectively.  Therefore,  in  the  distribution 
density  function,  even  terms  like  (cos'ff)  and 
(cos'^ff),  or  <sin^^>  and  (sln'O)  relate  to  the  ap¬ 
plied  confining  pressure,  and  odd  terms  involving 
both  sine  and  cosine,  like  A  and  B,  relate  to  the 
overall  applied  shear  stress.  Note  that  the  values 


of  A,  B,  C,  and  D,  for  unit  branches  as  well  as 
unit  contact  normals,  are  almost  the  same.  Also, 
the  distributions  of  the  unit  contact  normals  and 
the  unit  branches  which  are  shown  in  Figs.  9(a) 
and  9(b),  and  the  orientations  of  the  principal 
axes  which  are  shown  in  Fig.  10  for  both  the 
above  tensors,  are  similar.  So,  for  all  practical 
purposes,  the  consideration  of  either  one  of  them 
seems  sufficient  for  the  analysis  of  fabric.  This 
was  also  observed  in  earlier  experiments  by 
Mehrabadi  et  al.  (1988).  Figures  9(a)  and  9(b) 
show  the  actual,  fourth-order  and  second-order, 
distributions  of  the  contact  normals  and  unit 
branches  at  various  stages  throughout  the  experi¬ 
ment.  It  is  clear  that  the  fourth-order  approxima¬ 
tion  reveals  the  inherent  anisotropy  much  more 
accurately  than  does  the  second-order  approxima¬ 
tion. 


8.  Conclusion 

A  summary  of  some  theoretical  and  experimen¬ 
tal  developments  on  granular  materials  is  pre- 


Fig  13  The  parameter  B  behaves  similarly  to  the  applied  overall  shear  stress 
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sented.  The  results  of  a  series  of  experiments 
performed  on  photoelastic  granules  in  simple 
shearing  under  confining  pressure,  are  discussed. 
The  components  of  various  fabric  tensors  pro¬ 
posed  in  the  hterature  are  measured  experimen¬ 
tally.  The  tensor  (mjj)  is  shown  to  be  a  good 
measure  of  the  overall  stress.  The  off-diagonal 
terms  in  the  tensors  (mJj),  and 

have  been  found  to  represent  the  overall  shear 
stress,  as  predicted  by  the  theory,  and  the  diagonal 
terms  to  represent  the  confining  pressure  which 
remains  constant  throughout  the  deformation  pro¬ 
cess.  The  principal  axes  of  all  the  above  tensors 
rotate  during  cyclic  shear.  They  rotate  by  90° 
whenever  a  change  in  the  direction  of  the  applied 
shear  occurs. 

In  the  distribution  density  function,  £(«),  of 
the  unit  contact  normals,  terms  involving  both 
sine  and  cosine  follow  the  stress-strain  relation 
closely,  and  terms  involving  sine  or  cosine  alone 
remain  constant  throughout  the  deformation,  rep¬ 
resenting  the  constant  confining  pressure.  Also,  it 
is  important  to  include  the  fourth-order  terms  in 
the  expansion  of  £(n),  in  order  to  reveal  the 
highly  anisotropic  nature  inherent  in  the  data. 

Finally,  since  the  distribution  of  contact  nor¬ 
mals  and  unit  branch  orientations,  and  other  mi¬ 
croscopic  quantities  associated  with  them  are  simi¬ 
lar  for  both  contact  normals  and  unit  branches,  it 
may  be  concluded  that  any  one  of  them  can  be 
taken  as  a  good  measure  of  the  fabric. 
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ABSTRACT 

Micromechanically-based  constitutive  relations  for  two-dimensional  flow  of  granular  materials 
are  presented.  First,  the  relations  between  the  overall  stresses  and  the  relevant  microscopic  quantities, 
namely,  the  interparticle  forces,  the  density  and  orientation  of  contact  unit  normals,  as  well  as  the  average 
size  of  the  particles,  are  obtained.  Then,  the  kinematics  is  examined,  and  the  overall  velocity  gradient 
is  related  to  measures  characterizing  the  relative  sliding  and  rotation  of  granules.  A  significant  concept 
underlying  all  these  developments  is  the  notion  of  the  class  of  contact  unit  normals  with  a  continuously 
evolving  distribution  function,  even  though  individual  members  of  various  classes  may  change 
discontinuously,  as  contacts  are  lost  and  new  contacts  are  developed  in  the  course  of  granular  flow. 
Then,  simple  local  constitutive  relations  are  introduced  for  the  rate  of  change  of  the  contact  forces,  the 
evolution  of  the  contact  normals,  the  mechanism  of  local  failure,  and  the  density  of  contacts  in  a 
particular  class.  This  leads  to  macroscopic  rate  constitutive  equations  through  a  Taylor  averaging 
method.  Due  to  the  nonlinearity  of  the  rate  constitutive  equations,  the  response  is  computed  by  an 
incremental  procedure.  As  an  illustration,  the  overall  response  of  a  two-dimensional  assembly  of  disks 
subjected  to  an  overall  shearing  deformation  is  determined.  In  addition,  explicit  results  are  presented  for 
the  evolution  of  fabric,  contact  forces,  and  the  history  of  active  and  inactive  classes  of  contacts.  The 
stress-strain  relations  and  the  evolution  of  fabric  and  contact  forces  are  in  excellent  qualitative  agreement 
with  the  observed  behavior  of  granular  materials.  In  light  of  these  results,  the  mechanisms  of  failure  and 
inelastic  deformation  of  dense  as  well  as  loose  granular  materials  are  discussed. 

Although  most  features  of  the  model  could  be  readily  generalized  to  three  dimensions,  for 
simplicity,  the  discussion  is  limited  to  planar  deformation. 


1.  INTRODUCTION 


A  fundamental  issue  of  considerable  scientific  and  technological  importance  in  the  mechanics  of 
granular  materials  is  the  development  of  their  overall  macroscopic  constitutive  relations  on  the  basis  of 
simple  and  reasonable  micromechanical  assumptions.  Many  topics  which  either  directly  or  indirectly  bear 
on  this  fundamental  issue,  have  been  dealt  with  by  many  researchers  over  the  past  several  decades, 
leading  to  considerable  progress  in  this  area,  and  better  understanding  of  the  major  parameters  involved.' 

A  systematic  approach  to  this  problem  inevitably  would  include  considerations  of:  1)  a  description 
of  the  overall  macroscopic  stresses  in  terms  of  contact  forces,  their  distribution,  and  some  relevant 
geometric  measures  of  the  microstructure;  2)  a  description  of  the  overall  measures  of  incremental 
deformation  in  terms  of  quantities  that  characterize  micromechanisms  of  relative  sliding  or  sliding  and 
rolling  of  granules;  3)  a  description  of  the  time  rate  of  change  of  the  overall  stress  measure  in  terms  of 
the  overall  deformation-rate  measures,  based  on  simple  models  which  characterize  the  corresponding  rate 
of  change  in  contact  forces  in  terms  of  suitable  local  deformation-rate  measures. 

A  stumbling  block  that  seems  to  have  hindered  achieving  all  of  the  above-mentioned  goals  is  tlie 
fact  that,  in  the  course  of  deformation,  new  contacts  are  constantly  being  generated  as  some  of  the 
existing  contacts  are  being  lost.  This  precludes  analytic  identification  of  the  history  of  individual  contacts, 
unless  one  approaches  the  problem  numerically,  using  a  large-scale  computer  program  (see,  e.g.,  Petrakis 
and  Dobry,  1989).  On  the  other  hand,  in  the  course  of  continuous  deformation  of  a  granular  mass,  one 
expects  that  suitable  measures  of  the  distribution  of  contacts  can  be  employed,  which  characterize  a 
certain  class  of  contacts  and,  therefore,  undergo  continuous  change.  This  is  the  viewpoint  adopted  in  the 
present  paper. 

In  this  work  the  microstructure  is  identified  with  the  "fabric"  of  the  granular  mass.  There  are 


'  For  some  recent  contributions  see  the  proceedings  of  the  three  U.S. -Japan  Seminars  (Cowin  and 
Satake,  1978;  Jenkins  and  Satake,  1983;  Satake  and  Jenkins,  1988). 
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various  tensorial  measures  that  can  be  used  for  describing  the  fabric  of  a  granular  mass;  see 
Nemat-Nasser  and  Mehrabadi  (1983)  for  a  discussion  of  some  of  these  fabric  measures.  Here,  following 
Oda  (1972),  the  ti;bric  is  represented  by  the  distribution  of  the  unit  contact  normals.  Accordingly,  based 
on  the  observed  evolution  of  fabric,  we  introduce  local  constitutive  equations  directly  for  the  probability 
density  function  of  the  contact  normals  rather  than  for  various  fabric  tensors  which  are  defined  by  means 
of  the  distribution  density  function. 

Based,  in  spirit,  on  our  earlier  work  (Nemat-Nasser  and  Mehrabadi,  1984),  we  introduce  simple 
constitutive  models  at  the  microlevel,  which  relate  the  change  (or  the  rate  of  change)  in  the  contact  force 
associated  with  a  given  class  of  contacts  to  the  corre.sponding  micro-deformation  increment  (or  rate) 
produced  by  the  corresponding  changes  in  the  microstructure.  Such  an  approach  (which  deals  with  classes 
of  contacts  rather  than  with  individual  contacts)  bypasses  the  difficult  issue  of  continuous  loss  of  contacts 
and  formation  of  new  ones.  As  mentioned  earlier,  here  the  fabric  is  represented  by  the  distribution  of 
contact  normals.  Each  orientation  corresponds  to  a  large  number  of  contacts  which,  while  individually 
may  undergo  abrupt  changes,  collectively  evolve  in  a  continuous  manner  during  the  course  of  the 
continuous  flow  of  the  representative  granular  sample.  In  this  manner,  one  can,  for  example,  identify  an 
initial  and  a  current  orientation  for  a  given  class  of  contacts,  while  clearly  the  same  identification  may 
not,  in  general,  be  possible  for  an  individual  and  specific  contact. 

After  a  discussion  of  the  concept  of  stress  in  granular  materials  in  Section  2,  a  description  of  the 
kinematics  is  presented  in  Section  3.  At  the  local  level,  the  description  of  kinematics  corresponds  to  the 
double  shearing  model  of  Spencer  (1964,  1982).  The  local  constitutive  assumptions  for  the  time  rate  of 
change  of  contact  forces,  the  local  yield  criterion,  the  time  rate  of  change  of  the  local  nominal  stress,  and 
the  evolution  of  the  probability  density  function  of  contact  normals  are  presented  in  Section  4. 
Macroscopic  constitutive  equations  are  found,  in  Section  5,  by  employing  a  Taylor  averaging  scheme. 

Due  to  the  nonlinearity  of  the  rate  constitutive  equations,  the  response  must  be  computed  by  an 
incremental  procedure.  Instead  of  using  a  scheme  of  subincrementation,  we  introduce  another  simpler 
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method  based  on  the  first-order  approximation  of  the  local  yield  function.  This  procedure  is  described 
in  Section  6,  where  local  and  overall  constitutive  equations  are  written  in  incremental  form. 

Owing  to  the  simplicity  of  the  local  rate  constitutive  equations  introduced  in  Section  4,  an 
analytical  integration  is  possible  and  is  carried  out  in  Section  1,  whereby  explicit  relations  are  derived, 
including  those  for  the  contact  forces  and  contact  normals.  Using  these  relations,  the  overall  nominal 
stress  can  be  computed  in  two  alternative  ways  which  are  described  in  Sections  6  and  7. 

For  boundary  value  problems  on  granular  materials,  with  prescribed  initial  overall  confining 
stresses,  it  is  necessary  to  determine  the  initial  equilibrium  distribution  of  contact  forces  for  each  class 
of  contacts.  Hence,  in  Section  8,  a  relationship  is  developed  between  the  local  contact  force 
corresponding  to  an  individual  class,  and  the  overall  confining  stress  and  the  initial  fabric.  Boundary 
conditions  for  the  numerical  examples  are  also  considered  in  this  section. 

As  an  illustration,  the  response  of  a  two-dimensional  assembly  of  rigid  cylindrical  disks  of 
circular  cross  section  subjected  to  shearing  deformation  is  determined  in  Section  9.  Two  numerical 
examples  are  presented,  one  of  which  simulates  the  response  of  dense  and  the  other  corresponds  to  the 
behavior  of  loose  granular  materials.  The  mechanism  of  strain  hardening  and  failure  followed  by  strain 
softening  which  is  a  characteristic  response  of  densely  packed  samples  of  granular  materials,  and  the 
inelastic  deformation  mechanism  corresponding  to  the  loosely  packed  samples  are  discussed  in  light  of 
the  model  predictions  of  the  evolution  of  fabric,  contact  forces,  and  the  history  of  active  and  inactive 
contacts.  In  so  far  as  the  shearing  deformation  is  concerned,  the  resulthg  stress-strain  relations  and  the 
evolution  of  fabric,  and  the  evolution  of  contact  forces  are  in  excellent  qualitative  agreement  with  the 
observed  behavior  of  granular  materials.  However,  the  volumetric  response  of  the  model  in  cyclic  shear 
is  not  realistic  because  the  model  predicts  a  net  dilatancy  rather  than  a  net  densification  at  the  conclusion 
of  a  cycle  of  deformation.  A  further  study  of  this  point  and  the  generalization  of  this  model  to  three 
dimensions  are  left  for  future  investigations. 
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2.  DESCRIPTION  OF  STRESS  AND  ITS  TIME  RATE  OF  CHANGE 


A  granular  mass  is  modeled  as  a  continuum  whose  material  points  are  endowed  with  the  overall 
macroscopic  characteristics  of  a  typical  sample  which  contains  a  representative  set  of  granules.  The 
typical  sample  must  be  large  enough  to  be  statistically  representative  of  the  properties  of  the  granular 
material.  The  stress  at  a  material  point  in  the  model  continuum  is  then  represented  by  Jie  average  stress 
in  the  typical  sample  of  the  granular  mass. 

An  expression  for  the  overall  average  stress  tensor  in  the  sample  of  the  granular  body,  in  terms 
of  microscopic  quantities  such  as  contact  forces  and  branches  (which  are  vectors  joining  the  centroids  of 
adjacent  contacting  granules),  can  be  obtained  by  applying  the  principle  of  virtual  work.  The  following 
derivation  is  based  on  the  work  of  Christoffersen,  Mehrabadi,  and  Nemat-Nasser  (1981). 

Consider  a  representative  sample  of  a  granular  mass  which  at  time  t  has  a  volume  V  bounded  by 
a  surface  S.  The  reference  configuration  of  the  sample  has  a  volume  Vo  and  a  surface  Sq.  The  sample  is 
subjected  on  its  boundary  to  a  uniform  traction  T*  measured  per  unit  reference  area.  Choosing  a  fixed 
rectangular  Cartesian  coordinate  system,  denote  the  corresponding  components  of  the  local  asymmetric 
nominal  stress  tensor  by  v  ^  ,  and  require  that  this  nominal  stress  and  its  time  rate  of  change  remain  in 
equilibrium  with  the  applied  tractions  and  their  time  rates  of  change,  i.e.,  the  spatially  variable  nominal 
stress  and  its  rate  are  introduced  in  such  a  manner  that  the  following  equilibrium  equations  are  satisfied 
at  all  times  (body  forces  are  absent  and  quasi-static  problems  are  considered);' 


.  .,0  .fO 


on  Sr, 


dX,  ~  dX, 


in  V, 


0  » 


(2.1) 

(2.2) 


where  X  is  the  position  of  a  point  of  the  granular  mass  in  the  reference  configuration.  A'*  is  the  normal 
to  the  boundary  So,  and  where  a  superimposed  dot  designates  the  time-rate  of  change.  The  introduction 
of  the  (variable)  nominal  stress  and  its  rate  in  equilibrium  with  the  prescribed  boundary  tractions  and  their 
rates  is  in  agreement  wiLh  similar  concepts  used  in  developing  overall  macroscopic  properties  of 


'  Here  and  throughout  the  paper,  summation  over  the  appropriate  range  of  repeated  indices  is  in 
force. 
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polycrystalline  solids  and  composite  materials  in  terms  of  their  microscopic  properties;  Hill  (1965, 1972). 
In  this  context,  the  overall  average  nominal  stress  and  its  time  rate  of  change  are  simply  given  by  the 
unweighted  volume  averages  of  the  local  quantities,  i.e., 

•  P-3) 

and 

•  p-") 

•'o  • 

Following  the  procedure  outlined  by  Christoffersen  et  aJ.  (1981),  let  f,  stand  for  the  components 
of  the  contact  force  exerted  by  a  typical  granule  on  its  neighboring  granule  over  a  contact  point.  At  each 
contact  point  we  identify  one  such  contact  force.  We  consider  a  spatially  varying  velocity  field  v,  which 
is  kinematically  admissible,  and  which  produces  at  typical  contact  points  relative  virtual  separations 
denoted  by  A Then  the  virtual  work  principle  requires 


where  Mg  is  the  number  of  contacts  per  unit  volume  in  the  reference  configuration,  and  where  the 
equilibrium  equations  (2.1),  and  (2.2),  and  the  divergence  theorem  are  used. 

As  pointed  out  in  the  introduction,  in  developing  rate  constitutive  relations,  we  may  deal  with 
classes  of  contacts  and  the  evolution  of  these  cla.sses,  rather  Uian  with  specific  individual  contacts  which 
may  be  lost  or  generated  in  the  course  of  deformations.  This  idea  will  be  further  discussed  later  on. 
Here,  it  suffices  to  comment  that  actually  use  the  current  configuration  as  the  reference  configuration, 
which  circumvents  this  problem. 


Let  the  virtual  velocity  v,  be  linear,  so  that  the  velocity  gradient  is  constant,  i.e., 

0 

dXj  ~  ■ 


A  compatible  virtual  relative  separation  velocity,  A ,,  at  a  typical  contact  is  then  of  the  form 


i,  =  . 


(2.7) 


where  t°,  is  the  associated  branch,  i.e.,  the  vector  joining  the  centroids  of  two  typical  contacting  granules; 
Christoffersra,  Mdirabadi  and  Nemat-Nasser  (1981).  Note  that  there  are  two  such  brandies  associated 
with  each  contact  point,  t*-,  and  For  each  contact  point  we  identify  only  one  contact  force,  / ,  and 
one  associated  branch,  t*-,;  see  Mdirabadi,  Nemat-Nasser,  and  Oda  (1982). 

Substitution  from  (2.7)  and  (2.6)  into  (2.5)  now  yields 


«-I  ^0  • 


(2.8) 


Since  is  arbitrary,  we  obtain 

(2.9) 

where  is  the  branch  length,  and  m®,  is  a  unit  vector  referred  to  as  the  "unit  branch". 

Following  Mehrabadi,  Nemat-Nasser,  and  Oda  (1982),  the  group  of  Mp  contacts  per  unit 
reference  volume  of  granu’ar  mass  is  divided  into,  say  Q  classes,  each  with  a  common  branch  direction 
defined  by  the  corresponding  unit  branch  vector.  If  there  are  fa  =  I,2,...,Q),  contacts  which  belong 
to  class  a  with  common  unit  branch  m”,  then 

^  Af 

yZOi  =  I  (2.10) 

Mo 

Let  a,  denote  a  typical  contact  in  class  a.  !n  obtaining  the  average  quantities  in  Eq.  (2.9),  one  must  first 
calculate  the  corresponding  average  over  each  class  and  then  sum  the  results  over  all  classes.  Since,  for 
a  typical  class  a,  there  are  Mp,  contributing  contacts, 

0*1  «,•! 

a 

For  the  sake  of  simplicity,  we  a.ssume  that  the  contact  forces  f,  ’  are  not  correlated  with  the  branch 
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length,  I  *•.  With  this  assumption,  it  follows  that 


••I  ■'**« 


(2.11) 


where 


and  where  the  angular  brackets,  <  >  denote  averaging  over  all  the  classes.  The  subscript  zero  of  the 
angular  brackets  is  to  indicate  that  the  average  is  taken  over  the  reference  unit  volume.  A  superposed 
hat  in  (2.11)  designates  averaging  over  the  force-bearing  contacts  in  a  class.  Bearing  in  mind  that  the 
contaa  force  and  the  branch  length  are  average  quantities  over  a  class,  and  that  these  quantities  and  the 
unit  branch  vary  from  one  class  to  another,  to  make  the  notation  somewhat  simpler,  the  superposed  hats 
and  the  superscripts  a  will  not  be  shown  in  the  sequel.  For  example  (2.11),  in  the  simplified  notation. 


becomes 


w  -  V  v“  - 
"it  ~  JL>~[r 


(2.12) 


where 


v^  =  Afp  . 


(2.13) 


We  now  take  the  reference  configuration  to  be  the  instantaneous  current  configuration ,  and  obtain 
from  (2.12)  and  (2.13) 


“  ]C-T7  ^\j  > 

o-I 


(2.14) 


where 

=  M  (  m,fj  ,  (2.15) 

and  the  angular  brackets,  <  >,  denote  averaging  over  all  the  classes  in  the  current 

volume,  Ey  =  <o^>  is  the  average  (overall)  Cauchy  stress,  and  M  and  are,  respectively,  the  total 
number  of  contacts  per  unit  current  volume  and  the  number  of  contacts  in  class  a  per  unit  current  volum.e 
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Note  that  although  the  average  of  a  ^  is  the  symmetric  overall  Cauchy  stress,  the  local  quantity  is 
not  symmetric,  in  general. 

When  the  number  of  classes,  Q,  is  very  large,  we  can  introduce  the  distribution  density  function 
E(m)  to  describe  the  angular  distribution  of  unit  branches.  In  this  case  (2.10)  becomes 

f  E(m)dQ  =  1,  (2.16) 

Ja 


where  E(m)  =  E(-m),  and  where  dO  is  an  elemental  angle  of  the  unit  circle  0.  With  (2.16),  the  average 
of  any  quantity  v>(m)  is  given  by 


_  -  MWM  . 

*  E  -77  ‘ 

«-l  M 

*  r  £(m)  (p(m)dQ  . 
Jo 


(2.17) 


In  particular, 

=  Afo J^£(m®)  ,  (2.18) 

and 


<o^>  =  =  Mj^E{m)imJ,dCl  . 


(2.19) 


The  macroscopic  Cauchy  stress,  Eh,  is  defined  by  the  relations 


= 


detG 


(2.20) 


where  G,  the  average  deformation  gradient,  is  related  to  the  local'  deformation  gradient,  g,  by 

Hill  (1984)  has  shown  that  under  homogeneous  macro-boundary  conditions  the  average  and  macroscopic 
Cauchy  stresses  are  equal,  i.e.. 


'  The  term  "local"  is  used  interchangeably  with  the  term  "class",  so  that  g,  or  more  explicitly  g^, 
defines  the  contribution  of  the  typical  cla.ss  a  to  the  overall  deformation  gradient. 
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(2.22) 


Expressions  similar  to  (2.19)  for  stress  have  been  derived  by  many  investigators  beginning  with 
Cauchy  in  1822  (see  Love,  1927,  Note  B)  who  derived  an  expression  for  stress  in  an  anisotropic  linearly 
elastic  material  on  the  basis  of  a  molecular  theory.  Assuming  that  forces  between  the  atoms  are  centric, 
Cauchy  derived  an  expression  of  the  form’ 

.  (2.23) 

Since  the  current  configuration  is  used  as  the  reference  one,  the  nominal  stress  Ny  equals  the 
Cauchy  stress  Ej.  The  same,  however,  is  not  true  for  the  corresponding  rates.  The  advantage  of  working 
with  the  nominal  stress  of  the  form  (2.10),  is  that  one  may  employ  a  procedure  similar  to  the  one  outlined 
above,  and  show  that 

When  the  current  and  the  reference  configurations  are  chosen  to  be  coincident,  Eq.(2. 13)  reduces 
to 

Ny=  M<t  .  (2.25) 

This  eliminates  the  need  for  a  transport-type  equation  which,  generally  speaking,  relates  the  time  rate 
of  change  of  the  average  of  a  quantity  to  the  average  of  its  time  rate  of  change.  The  relation  between  the 
nominal  stress  rate  and  the  Cauchy  stress  rate  will  be  examined  in  Section  5  after  the  necessary 
kinematical  quantities  have  been  introduced. 


'  Cauchy’s  derivation  of  the  form  of  the  elasticity  moduli  on  the  basis  of  (2.23)  yields  only  15 
independent  moduli  (rather  than  21)  for  the  least  degree  of  symmetry  (i.e.,triclinic).  The  six  "Cauchy 
relations"  between  the  21  elastic  moduli  are  generally  attributed  to  the  centric  force  assumption.  It  is 
interesting  to  note  tliat  even  when  the  tangential  component  of  the  force  is  non-zero  and  the  stress  is  given 
by  (2.14)  and  (2.15),  under  certain  conditions,  the  six  Cauchy  relations  cannot  be  avoided. 
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3.  KINEMATICS 


The  flow  of  a  granular  mass  which  consists  of  rigid  granules  under  the  action  of  an  overall 
applied  load  occurs  through  sliding  and  rolling  of  grains  over  each  other.  As  pointed  out  earlier,  in  this 
process,  some  contacts  are  lost,  and  new  contacts  are  continually  developed.  The  overall  deformation  rate 
is  the  result  of  local  relative  motion  of  the  grains  over  active  contact  points.  The  grains,  however,  are 
constrained  by  the  neighboring  grains  during  their  relative  motion,  so  that  a  compatible  overall 
configuration  is  maintained.  In  the  course  of  such  flow,  the  microstructure  or  fabric  changes; 
consequently  contact  forces  and,  hence,  the  overall  stresses  also  change. 

As  mentioned  before,  in  dealing  with  the  evolution  of  the  microstructure  of  a  granular  sample, 
it  is  more  effective  to  consider  a  distribution  of  suitable  measures  of  microstructure  and  its  evolution  in 
the  course  of  deformation,  rather  than  the  changes  of  specific  and  individual  local  quantities.  One  such 
suitable  measure  of  microstructure  or  fabric  is  the  distribution  of  contact  unit  normals  (Oda,  1972). 
Another,  equally  effective  measure  is  the  distribution  of  unit  branches  which  are  unit  vectors  in  the 
direction  of  the  branches.  Both  measures,  or  a  combination  of  the  two,  have  been  discussed  in  the 
literature;  see  Nemat-Nasser  and  Mehrabadi  (1983),  and  Mehrabadi  et  dl.  (1988).  Here,  we  select  to 
work  with  the  distribution  of  contact  normals,  simply  because  it  is  easier  to  relate  frictional  sliding  to  this 
quantity.  Also,  for  simplicity,  we  limit  our  discussion  to  circular  disks  in  a  plane  or  spherical  granules 
for  which  the  unit  normals  and  the  unit  branches  are  of  course,  identical. 

Hence,  in  what  follows,  the  microstructure  of  a  typical  sample  of  a  granular  mass  is  characterized 
only  by  the  distribution  of  contact  unit  normals.  Each  orientation  in  this  distribution  corresponds  to  a 
class  of  contacts.  As  the  sample  deforms,  the  distribution  of  unit  normals  changes  and  this  change 
characterizes  a  corresponding  change  of  the  fabric  or  microstructure.  The  overall  deformation  is  viewed 
as  a  suitable  average  of  the  local  deformations  associated  with  each  class  of  contacts.  Here,  by  "local 
deformation  rate",  we  mean  the  deformation  rate  corresponding  to  a  given  class  of  contacts  which 
includes  contributions  from  a  large  number  of  specific  individual  contacts  that  are  represented  by  a  given 
orientation. 

The  local  deformation  rate  associated  with  a  given  class  of  contacts  comprises  contributions  from 
(i)  the  relative  motion  of  individual  grains  which  leaves  their  associated  orientation  and,  therefore,  the 
microstructure  of  this  class  unchanged,  and  (ii)  an  accompanying  pan  associated  with  the  fabric  change 


which  renders  the  resulting  velocity  gradient  for  this  class  compatible  and  which  induces  a  change  in  the 
contact  force  associated  with  the  class.  For  example,  if  contacting  granules  undergo  rigid  rotation  without 
sliding  or  rolling,  the  contact  orientation  and  the  contact  force  change,  leading  to  a  change  in  fabric.  On 
the  other  hand,  if  contacting  granules  simply  slide  and  roll  in  such  a  manner  that  the  orientation  of  the 
contact  normal  is  unchanged,  no  contribution  to  the  change  in  fabric  is  made.  In  general,  however,  a 
compatible  deformation  is  obtained  only  if  both  contributions  are  present.  It  should  be  noted  that,  for 
certain  classes  of  contacts,  this  formulation  allows  nonzero  velocity  gradients  solely  due  to  fabric  change, 
even  when  the  granules  are  rigid. 

Let  l^,  (a  denote  the  components  of  the  velocity  gradient  associated  with  a  typical 

class  of  contacts,  a.  Then 

where  is  the  velocity  gradient  corresponding  to  the  fabric  change,  and  /**"  is  the  velocity  gradient 
stemming  from  the  relative  sliding  motion  of  the  grains,  which  leaves  the  fabric  unchanged.  The 
part  /***  in  (3.1)  is  the  counterpart  of  the  slip-induced  velocity  gradient  in  single  crystals,  and  the 
part  /*“  is  the  counterpart  of  that  associated  with  the  elastic  lattice  distortion.  Note  that,  in  a  granular 
material  which  is  modeled  by  rigid  granules,  no  elastic  deformation  can  be  involved,  it  is  the  change  in 
fabric  that  produces  the  change  in  the  overall  stress. 

The  part  /*'“  is  resolved  into  a  symmetric  and  a  skew-symmetric  part,  as 

/;•  =  Jj*  *  wj*  ,  (3-2) 

where 

"i'-jd'-O’  0.3) 


are,  respectively,  the  local  inelastic  deformation  rate  and  spin;  and  where,  for  ease  in  writing,  the 
dependence  on  the  class  of  contacts  is  not  shown  explicitly  in  (3.2).  Similarly,  the  accommodating 
velocity  gradient,  /*"  ,  associated  with  the  fabric  change,  is  decomposed  as 


where 
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(3.5) 


are  the  corresponding  deformation  rate  and  spin  tensors. 

The  overall  velocity  gradient,  deformation  rate  tensor,  and  spin  tensor,  are  respectively  defined 
by 


and 


^(1  ~  ' 


(3.6) 


(3.7) 


where 


dfj  -  "^(((Z  *  ~  dff  +  dy  , 


(3.8) 


and  where 


•  •• 


(3.9) 


4.  LOCAL  CONSTITUTIVE  EQUATIONS 

The  local  constitutive  assumption  for  the  time  rate  of  change  of  the  contact  force  is  considered 
in  Section  4.1.  The  local  yield  criterion  and  the  local  inelastic  part  of  the  velocity  gradient  (i.e.,  /'*  ) 
associated  with  this  yield  condition  are  described  in  Sections  4.2  and  4.3,  respectively.  The  rate  of 
change  of  the  local  nominal  stress  is  derived  in  Section  4.4,  and  the  evolution  of  the  probability  density 
function  of  contact  normals  is  considered  in  Section  4.5. 

4.7.  Time  Rale  of  Change  of  Contact  Force 

To  arrive  at  macroscopic  constitutive  relations  for  the  nominal  stress-rate  given  by  Eq.  (2.25), 
we  proceed  to  relate  the  time  rate  of  change  of  the  contact  force  to  the  local  kinematic  measures. 
Following  Nemat-Nasser  and  Mehrabadi  (1984),  the  contact  force  is  written  ,  without  loss  in  generality, 
in  the  form 

f,  =  tXym..  (4.1) 

where  e  witli  the  dir’  nsion  of  area  is  a  parameter  representing  a  measure  of  the  total  contact  area  and, 
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consequently,  the  number  of  contacts  in  a  particular  class  o;  and  where  t  ^  are  the  components  of  a  local 
stress  associated  with  a  class  of  contacts’. 

Recall  that  in  the  decomposition  of  the  microscopic  measure  of  the  velocity  gradient  7,  in  the 
manner  of  Eq.  (3.1),  only  the  contribution  V  is  responsible  for  the  change  of  fabric  and,  therefore,  the 
change  in  the  magnitude  and  orientation  of  the  corresponding  contact  force.  Accordingly,  it  seems 
reasonable  to  write  local  constitutive  relations  for  Tj,  ,  w,  ,  s,  (components  of  a  unit  vector  normal 
to  m  and  in  the  sliding  direction),  and  t  ,  in  terms  of  the  rate  of  fabric  change,  quantified  here 
by  7*.  In  particular,  to  keep  the  formulation  as  simple  as  possible,  we  set 

mi-Wgmj  =  0  ,  s,-WySj=0  , 

a  •  • 


and  choose  for  illusiraiion  an  isotropic  relation  for 

Ik^  Jl*  ^  11^  Jl^  » 


(4.4) 


and  set 

-=h4.  (4-5) 

c 

where  X*,  /x*,  and  b  are  constants;  and  where  ,  are  the  components  of  the  Kronecker  delta. 
Assumption  (4.2)  defines  the  spin  of  a  contact  normal  representing  a  typical  class,  and  not  the  spin  of 
individual  contacts  which  form  that  class.  It  is  consistent  with  earlier  formulations  of  elasto-plastic 
theories  for  crystalline  materials  (Hill  and  Rice,  1972;  Havner  and  Shalaby,  1977;  Nemat-Nasser, 
Mehrabadi,  and  Iwakuma,  1981;  Nemat-Nasser,  1983;  and  Nemat-Nasser  and  Mehrabadi,  1984),  in 
which  m,  ,  and  s,  would  define  the  crystal  lattice.  Here,  since  m,  and  s,  characterize  a  class  of 
contacts  which  define  the  corre.sponding  local  fabric,  it  is  reasonable  to  require  that  the  time  rate  of 

'  This  local  stress  is  related  to  the  local  nominal  stress  given  by  (2.13),  and  the  local  quantity  a,j, 
defined  by  (2.15),  as  follows: 

=  and  a cm.r . 
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change  of  these  quantities,  measured  with  respect  to  an  observer  rotating  with  the  fabric,  vanishes. 

Expressions  (4.2-4)  are  based  on  the  starting  assumption  that  the  time  rate  of  change  of  the  local 
stress  and  the  parameter  c  are  affected  by  the  rate  of  change  of  the  fabric  only. 

It  is  convenient  to  resolve  the  contact  force  /  into  its  components,  along  the  contact  normal 
and  along  the  direction  of  sliding,  i.e.. 


where,  using  (4.1), 


(4.6) 


(4.7) 


Differentiating  (4.7)  with  respect  to  time  and  employing  (4.2-5),  we  obtain 

W»l)  _,(■!),• 

/  -^1/  Ofj  ,  /  -/iff  , 

where 

and 


(4.8) 


(4.9) 


(4.10) 


Upon  use  of  (4.8),  (4.9),  (4.10),  (3.4),  and  the  definition  of  according  to  (2.13),  the  local 
nominal  stress  rate  becomes 


where,  consistent  with  (2.24),  we  have  written 


(4.11) 


Vy=Af/w,®/, 

Eliminating  /*  in  (4.11)  using  (3.1),  we  obtain 


Vy  =  [A//m,  (Au  )  . 


(4.12) 


(4.13) 
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It  should  be  emphasized  that  the  isotropic  relation  (4.4)  is  used  here  for  illustration  only,  and  that, 
in  general,  one  must  use  a  relation  which  reflects  the  corresponding  local  conditions.  However,  since 
the  contact  force  associated  with  a  class  is  defined  in  terms  of  the  yet  unspecified  tensor  and  since 
(4.3)  relates  the  rate  of  change  of  this  tensor  to  the  rate  of  change  of  the  local  fabric,  assumption  (4.4) 
ought  to  be  adequate. 

In  order  to  calculate  /**  in  terms  of  the  local  velocity  gradient  /  ,  a  local  yield  criterion  is 
developed  in  the  sequel. 

4.2  The  Local  Yield  Criterion 

In  the  absence  of  cohesion,  a  simple  model  for  the  yielding  mechanism  is  a  Mohr-  Coulomb-type 
condition  written  in  terms  of  the  normal  and  tangential  components  of  the  contact  force  associated  with 
a  given  class.  In  addition  to  this,  we  require  here  that  the  normal  contact  force  remains  compressive, 
i.e.,  negative,  if  the  granules  associated  with  the  corresponding  class  are  to  remain  in  contact.  These 
conditions  may  easily  be  generalized  to  include  an  allowable  tensile  contact  force  due  to  cohesion  or  other 
phenomena.  Hence,  for  no  inelastic  deformation  to  be  present  we  must  have 

where  |  |  stands  for  the  absolute  value  of  the  quantity  it  encloses,  and  p(>0)  is  the  coefficient  of 
interparticle  friction.  Introducing  a  scalar  parameter  u  which  takes  on  values,  -1,  0,  and  -f  1,  the 
conditions  represented  by  (4.14)  can  be  deduced  from  the  three  yield  functions 

yW=u/W  +  p/(")  ,  (M  =  -1,0,  +  1),  ('^•^5) 

where  the  superscript  (u)  stands  for  (+),  (0),  or  (-)  corresponding  to  positive  (  ),  "null" 

(  ),  or  negative  slip  ( /^^<0  ),  respectively.  As  shown  in  Figure  (1),  the  plane  of 

is  divided  into  six  regions  by  the  three  lines  defined  by  the  yield  functions  (4.15). 

If  the  average  contact  force  for  a  class  falls  in  region  E,  there  is  no  inelastic  deformation.  On 
the  other  hand,  if  the  force  falls  within  regions  S'*’  or  S*  ’,  the  contacts  in  that  particular  class  will  be 
undergoing,  in  an  average  sense,  an  inelastic  deformation  consisting  of  either  a  single  positive  slip  or  a 
single  negative  slip,  respectively.  In  the  region  designated  by  OS'®  *’  ,  the  two  yield  functions  Y'®'  and 
Y'*’  are  both  non-negative  and  the  inelastic  deformation  will  take  place  by  double  slip.  Similarly  in  the 


region  designated  by  DS"*-’’  the  two  yield  conditions  derived  from  Y®  and  are  violated  and  double 
slip  is  possible.  Finally,  since  is  outside  the  domain  of  Y<'’  and  Y^'^’,  normal  tensile  contact 

forces  will  cause  local  inelastic  volumetric  deformation  consisting  of  a  single  "null  slip*.  Hence, 
the  -axis  is  designated  by  S®  in  Figure  1. 

The  local  inelastic  velocity  gradient,  /J*  ,  corresponding  to  (but  not  "associated"  with)  the  yield 
functions  Y*“’  for  various  regions  in  Figure  (1)  are  as  follows: 


E:  /;*=0, 

S<^); 

S*’:  /J*  =  J , 

‘  ^  (4.16) 

S«»: 

ij*  =>  Y^‘>[*5/Wy  , 

OS'”-':  /J*  =  , 

where  y^“^  .  (u  =  +  lOr)  is  the  magnitude  of  the  inelastic  strain  rate,  and  is  the  coefficient  of 
dilatancy.  It  can  be  shown  (see,  Anand,  1983)  that  the  local  inelastic  velocity  gradient  in  (4.16)  are 
similar  in  form  to  the  relations  obtained  for  the  velocity  gradient  in  the  double  shearing  model  proposed 
by  Spencer  (1964,  1982)  and  later  extended  to  dilatant  materials  by  Mehrabadi  and  Cowin  (1978,  1981). 

The  above  relations  can  be  written  in  compact  form  by  making  use  of  the  scalar  "u".  For 
example,  for  single  slip,  S*"’,  we  have 

=  («  =  -l,0,-^l),  (4.17) 

while  for  double  slip,  DS*®-"’,  we  find 

/J’  =  Y^“’[«5,JWy+C**^Wf'”y]*Y^°^”’j'”y  (m  = -I,-*-!  ,  M’‘0)  .  (4.18) 

Note  that  since  can  be  lumped  with  y^°^  .  without  any  loss  in  generality,  its  value  can  be  taken  to 
be  unity. 

The  local  inelastic  deformation  rate  and  spin  for  the  case  of  single  slip,  5'“’,  are  found  to  be 


where 


(4.19) 
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(4.20) 


and  where  (3.3)  and  (4.17)  have  been  employed.  Notice  that  for  S^,  the  inelastic  spin  vanishes. 
Similarly  for  the  case  of  double  slip,  DS*”-"’,  from  (3.3)  and  (4.18),  it  follows  that 


rfj* = .  («  =  -1,+1  ,  tt »» 0)  , 


(4.21) 


where  pj/'^  ,  ,  and  are  given  by  (4.20). 

The  magnitude  of  the  inelastic  strain  rate  ,  appearing  in  the  expressions  for  /**  ,  can  now 
be  calculated  by  employing  the  local  yield  condition  described  above.  A  derivation  is  given  in  the  next 
section. 

4.S.  Calculation  of  y^"^ 

In  order  to  calculate  y^*’  in  terms  of  the  local  deformation  rate  ,  the  yield  functions  (4.15) 


(4.22) , 

(4.22) : 

(4.22) , 


are  employed. 

The  flow  rules  are: 

yWsO 

if 

y<''><0  , 

yW=o 

if 

y<«)=0 

and 

o 

A 

if 

y<'')=0 

and 

Various  cases  are  considered  below. 

(a)  Single  Slip,  5*“’ 

The  consistency  relation  is  obtained  from  (4.15)  and  (4.22),  as 

+  =  0  ,  («  =  -l,0,+l). 

Substituting  for  and  from  (4.8)  into  (4.23),  we  find 

(uA{”  +  tL4j"V(J=0  , 

or  using  (3.8)  and  (4.19),, 


(4.23) 


(4.24) 
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(4.25) 


The  required  expression  for  is  obtained  by  solving  (4.25),  to  arrive  at 

=K<*>(Hylf  >0  ,  ('*•26) 

where  k^''^(>0)  satisfies  the  relation 

k'"' 


(b)  Double  Slip.  D5<”  '*> 

The  two  consistency  relations  are  obtained  from  (4.15)  and  (4.22)  as 

+  ,  (u--l,+l), 

y(°)ey(")=0  . 

Hence,  employing  (4.8),  (4.28)  implies 

or  using  (3.8)  and  (4.2 1)„ 

Solving  tlie  above  equations  for  and  ,  we  find 

Y<''’=z«’^u>0  .  y^°^=zudu>0.  («  =  -l.*l). 

where 

(w  =  -l.*l)  . 

- (0)  _  _ («)/ i  (■")  j  w  _  j  <">)  A 

Zii  “H  \Aij  Ajj  Au  A,J  )Py  , 


(4.28) 


(4.29) 


(4.30) 


(4.31) 


(4.32) 
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and  where 


,(•) 


(«).(») 

-{/ly  “Vljy  Ay  Jfy  » 


(4.33) 


4.4.  Tim  Rate  of  Change  of  Local  Nominal  Stress 
To  find  an  expression  for  the  time  rate  of  change  of  the  local  nominal  stress  rate  in  terms  of  the 
local  velocity  gradient,  we  substitute  for  the  local  inelastic  velocity  gradient,  /**  ,  from  (4. 17)  or  (4.18) 
into  (4.13),  making  use  of  Eqs.  (4.26)  and  (4.27),  or  (4.31)  and  (4.32).  We  find  that 

where 


'■yu 


Cuu*R{y^'‘^)cia  for  single  slip,  S‘"\ 


+  //(Y^*’)  for  double  sUp,  DS  . 


'■yu 


■yu 


Here  //(y*"’)  is  the  Heaviside  step-function,  i.e.. 


and 


H(y<*>)  = 


0  for  Y^-^iO 
1  for  Y^“^>0  , 


=  A/o<°  (^ITS  a*  ji> 


(4.35) 


(4.36) 


(4.37) 


eg  =  *  Mu  v-rg  - M/m° . 

eg-’ = - 

+  AfofVj’ -p^®’)]  . 


(4.38) 


(4.39) 
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Equations  (4.34)  with  (4.35-39)  and  (4.9-10),  are  the  desired  constitutive  relations  at  the  local 


level. 


4.5.  Evolution  of  Distribution  of  Contaa  Normals 
As  seen  from  (4.35-4.39)  ,  the  local  moduli  dqjend  in  a  complicated  manner  on  the 
microstructure  through  the  unit  contact  normal,  m  .  An  explicit  calculation  of  the  overall  moduli  (see 
Section  5)  would  be  possible  only  when  the  distribution  density  functions  E{m)  or  MJM  are  known. 
Since  the  number  of  contacts  in  each  class  is  strongly  influenced  by  the  magnitude  of  the  contact  force 
for  that  particular  class  as  well  as  by  the  local  volumetric  change,  we  relate  the  density  of  contacts  in  each 
class  to  the  magnitude  of  the  corresponding  contact  force  and  the  associated  volumetric  strain  rate  (see 


(4.5))  by 


ht  t  Q 

M  a  '  ift  ' 


(4.40) 


where  ^  is  a  macroscopic  constant,  and  /  is  a  nondimensional  quantity  related  to  the  magnitude  of  the 
contact  force  for  class  a,  i.e.,  /*  ,  as  follows 

(4.41) 

-(1/2)  fr2  ■ 

Note  that  the  .superscript  a  is  omitted  in  (4.41),  as  in  ail  other  equations  starting  with  (2.12). 

Employing  (4.41),  the  average  of  any  local  quantity  can  be  found  in  the  manner  of  (2.17)  after 
the  values  of  the  magnitude  of  the  contact  force  and  the  parameter  c  are  calculated  by  integrating  the 
rate  equations  (4.5)  and  (4.8).  In  quantitative  crystallography,  it  is  customary  to  expand  tiie  density 
function  of  the  orientational  data  in  a  series  of  generalized  spherical  harmonics.  In  works  on  granular 
materials,  it  has  also  become  customary  in  recent  years  to  describe  the  distribution  density  in  terms  of 
"fabric  tensors"  of  various  ranks  (Mehrabadi,  Nemat-Nasser,  Oda,  1982;  Nemat-Nasser  and  Mehrabadi, 
1983;  Kanatani,  1984).  Note  that  here,  to  characterize  the  fabric,  we  have  made  a  constitutive 
assumption  for  the  density  distribution  function  itself,  rather  than  for  various  approximations  of  it  in  the 
form  of  macroscopic  "fabric  tensors". 
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5.  MACROSCOPIC  CONSTITUTIVE  EQUATIONS 
To  obtain  the  overall  constitutive  equations,  we  substitute  for  the  local  rate  of  nominal 
stress,  Vy  ,  from  (4.15)  into  (2.24),  to  arrive  at  the  corresponding  overall  quantity, 

where  the  local  moduli  ,  i.e.  those  associated  with  a  typical  class,  say  c,  are  given  by  (4.35)-(4.39). 

Next,  we  have  to  make  assumptions  concerning  the  d^endence  of  the  local  velocity 
gradient  ly  on  the  microstructure.  In  self-consistent  theories  for  polycrystalline  materials  (Hill,  1965) 
and  in  earlier  work  on  granular  materials  (Nemat-Nasser  and  Mehrabadi,  1984),  a  fourth-rank 
(concentration)  tensor,  ,  is  introduced  which  depends  on  microstructure  and  which  relates  the  local 
velocity  gradient  in  a  typical  micro-element,  e.g.  a  single  crystal,  to  the  macroscopic  uniform  velocity 
gradient  (see  Nemat-Nasser  and  Mehrabadi,  1984;  and  Iwakuma  and  Nemat-Nasser,  1984,  for  more 
details).  This  concentration  tensor  must  then  be  calculated  using  an  appropriate  model.  Iwakuma  and 
Nemat-Nasser  (1984)  use  a  fully  nonlinear  self-consistent  model  proposed  by  Hill  (1965,  1972),  and 
actually  calculate  the  corresponding  concentration  tensor  for  plane  problems.  It  can,  however,  be  shown 
that  this  type  of  self-consistent  calculation  breaks  down  when  the  density  of  voids  or  cracks  is  suitably 
large.  For  the  granular  materials,  voids  are  connected  through  contact  zones  which  may  be  viewed  as 
cracks.  Hence,  the  application  of  the  self-consistent  method  is  problematic,  leading  to  unrealistic 
estimates  of  the  overall  instantaneous  moduli.  Here,  to  achieve  our  goal  of  developing  the  simplest 
micromechanical  model  that  exhibits  the  basic  features  of  granular  material  behavior,  a  Taylor-averaging 
method  is  adopted,  i.e.,  it  is  assumed  as  a  first  approximation  that  the  concentration  tensor  is  the  identity 
tensor,  leading  to 

ly  =  Ly.  (5.2) 

Nemat-Nasser  and  Obata  (1986)  present  a  discussion  and  comparison  between  the  Taylor  averaging 
scheme  and  the  self-consistent  method  for  polycrystals.  With  assumption  (5.2),  (5.1)  now  reduces  to 

where  are  the  overall  moduli  defined  by 
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(5.4) 


The  relationship  between  the  Jaumann  rate  of  macroscopic  stress,  i.e., 

,  (5.5) 

and  the  rate  of  detbrmation,  ,  is  obtained  by  differentiating  (2.20)  and  taking  the  initial  and  final 
configurations  coincident.  It  is  found  that 

Substituting  for  from  (5.2)  into  (5.6),  we  obtain 

^1/* (/ ~ a ~ 

However,  employing  (5.4),  (4.35),  (4.37),  (4.38),  and  (4.39),  it  follows  that  the  quantity  in  brackets  on 
the  right-hand  side  of  (5.7)  is  symmetric  in  the  indices  1  and  k,  because 

Using  (5.8),  (5.7)  can  be  written  as 

^ ^ •  (5.9) 

Requiring  the  "continuing"  symmetry  of  the  Cauchy  stress,  we  must  also  have 

ki~ ^jtu*  ^ ji^ u  '  (5.10) 

Equations  (5.9)  subjected  to  the  constraint  (5.10),  with  the  overall  moduli  defined  by  (5.4), 
(4.35),  (4.37),  (4.38),  and  (4.39)  are  the  macroscopic  constitutive  relations  of  the  model. 

As  mentioned  before,  in  order  to  calculate  an  overall  quantity  from  the  corresponding  local 
quantity,  the  expression  for  the  probability  density  function  of  the  contact  normals,  namely  (4.40),  is  used 
in  (2.17).  In  particular,  the  overall  moduli  are  calculated  from  the  following  relation: 
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where  the  index  a  denotes  the  corresponding  class,  and  the  summation  is  over  all  existing  classes. 

Finally,  we  assume  an  expression  for  the  evolution  of  the  coefficient,  Mt  ,  which  is  required 
for  calculating  various  stresses  and  stress-rates  from  expressions  given  in  Section  2  (e.g.,  (2.15)). 
Recalling  that  is  the  number  of  contacts  per  unit  volume  and  that  f  is  the  branch  length,  the 
quantity  Ml  ,  with  the  dimension  of  (area)  *,  is  intimately  related  to  the  volumetric  strain  and  strain  rate 
represented  by  the  quantities  detG  ,  and  trD  .  The  calculations  presented  in  this  paper  are  based  on 
the  following  relation 

Ml  =  ,  (5.12) 

where  n  is  a  negative  constant,  and  where 

V 

f  trD  dt  =  (513) 

where  ;  for  the  numerical  illustration  given  in  Section  9,  we  have  used  r*  = -^(f^+fp).  An 

equation  resembling  (5.12)  has  been  introduced  by  Jagota,  et  al.  (1988),  for  the  evolution  of  the 
coordination  number,  in  connection  with  the  sintering  and  compaction  of  powder  packings.  The  relation 
(5.12)  follows  from  the  a,ssumption  that  the  rate  of  change  of  (Ml)  per  its  own  unit  is  proportional 
to  (detG)(frD)  ,  i.e.  (AfJ)/(A/?)  =  ”(detG)( trD)  .  Upon  integration  over  the  time  increment  and 
using  the  value  of  detG  at  the  start  of  time  step  (i.e.,  retaining  only  linear  terms  in  (t^-tp)  ),  we 
obtain  (5.12)  and  (5.13). 


6.  CONSTITUTIVE  RELATIONS  IN  INCREMENTAL  FORM 
Due  to  the  nonlinearity  of  the  local  constitutive  relations,  the  material  response  must  be  computed 
by  an  incremental  procedure.  In  an  incremental  loading  process,  a  part  of  the  load  increment  may 
actually  cause  an  elastic-plastic  behavior  while  the  remaining  part  may  lead  only  to  an  elastic  response. 
Instead  of  using  a  scheme  of  sub-incrementation,  we  introduce  here  another  simpler  method  based  on  a 
first-order  2q)proximation  of  the  local  yield  function. 

Let  the  loading  process  be  measured  by  the  time-like  parameter  t  which  takes  the  values  ^  at  the 
beginning  of  the  increment  under  consideration  and  tp  at  the  end.  Furthermore  for  any  quantity  x.  Ax 
■  xOf)  -  x(to).  Instead  of  seeking  the  time  t*  for  which  the  yield  condition  is  satisfied,  i.e.,  Y'“’(t')  =  0, 
we  make  the  following  approximation: 

A/ ,  (6.  i) 

or  using  (4.23)„  (4.8),  and  (4.19)',  for  single  slip.  S'"’,  (u  =  -1,0,+ 1),  we  have 

while  for  double  slip,  DS'""',  (u  =  -I,  +1),  it  follows  from  (4.28),  (4.8),  (3.8),  and  (4.21),  that 

«  y<“>(g  4  ^  [A  J  -  A  yf-V?  '  ^  » 

(6.3) 

*  P  [Ad^  -  A yWpf  -  • 

In  order  to  define  the  magnitudes  of  the  inelastic  strain  increment  Ay‘“’  and  Ay"”  ,  we  proceed  as 
follows.  In  a  first  step,  the  behavior  is  assumed  to  be  elastic  and  for  a  given  strain  increment  Ad,j,  the 
elastic  response  is  computed.  Let  us  denote  by  //  the  corresponding  (fictitious)  value  of  the  time 
parameter  r‘.  It  is  important  to  make  the  distinction  between  the  time-like  parameters  i  and  r’  (see  the 
footnote  on  the  next  page).  Then  for  single  slip.  S'"’,  the  relations  (4.22)  and  (4.26)  will  take  the 
incremental  form 
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(6.4) 


For  ,  Ay^'^-O, 

For  .  AY«=ic«(0[l^->(ro)  +  {a>4«+M?Vtl^V» 


where,  r'*’  is  defined  by  (4.27).  Similarly,  for  double  slip,  DS*®-”^  (u  =  -1,  +1),  (4.28),  (4.31),  and 
(4.32)  take  the  incremental  form’ 


where 


For  y<“>(/;)sO  and 


For  y<“’(r;)iO  and 


Ay<*^=0 

.Ay<”=0’ 

AYW=5W(0+zL'\C)A£f„ 
Ay<°’=5<®’(0+z1?(0A4  ’ 


^  mS"^  -  i^“Vo)><y”3pr 

,  («  =  -i.-^i), 


(6.5) 


(6.6) 


and  where  z{f  and  V“’  are  defined  by  (4.32)  and  (4.33),  respectively. 

Employing  (6.4)  or  (6.5)  and  following  the  same  procedure  that  led  from  (4.26)  and  (4.31)  to 
(4.34),  it  is  found  that  the  incremental  form  of  the  stress-strain  relation  is  of  the  form. 


where 


Avy  =  AvJ’^Avy 


(6.7) 


Av  ^  , 

and  where,  for  single  slip,  S'"’,  (u  =  -l,0,-f- 1), 


(6.8) 


'  According  to  (6.2),  y‘“’(/; )  =  r"’(g  M. .  Hence  we  assume  /7(y(/; ))  =  H{Ay) . 
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(6.4) 


For  y<*>(r;)sO  , 
For  y<«>(/;)iO  , 


where,  r'*’  is  defined  by  (4.27).  Similarly,  for  double  slip,  DS*®-"’  (u  =  -I,  +1),  (4.28),  (4.31),  and 
(4.32)  take  the  incremental  form' 

For  y<“>(r;)sO  and  Y^%)i.O 

For  y<''’(r;)iO  and 

where 

.  («  =  -!,-!),  (6.6) 

^(0) = + MJ"”)  - 


|ay<''’=o 
|ay<°’=o  ’ 

(6.5) 

AYW=sW(0+Z;g'VOAd„ 
AYm=5<«)(0+zr(0Arf„  ’ 


and  where  zlf  and  V“’  are  defined  by  (4.32)  and  (4.33),  respectively. 

Employing  (6.4)  or  (6.5)  and  following  the  same  procedure  that  led  from  (4.26)  and  (4.31)  to 
(4.34),  it  is  found  that  the  incremental  form  of  the  stress-strain  relation  is  of  the  form, 


where 


Av, 


Av 


(I) 


>•  Av 


(2) 

V  » 


(6.7) 


A'"  V  ~  *^^*2 A^a  • 

and  where,  for  single  slip,  S'“’,  (u  =  -l,0,-t- 1), 


(6.8) 


'According  to  (6.2),  y'‘‘\lr)  ~  y"‘\Q  Henceweassume  =  H(Ay). 
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the  present  model  in  that  the  numerical  evaluation  of  the  overall  response,  in  particular,  the  overall 
nominal  stress,  can  be  performed  via  two  methods:  In  the  first  method,  the  overall  nominal  stress  and 
the  overall  stiffness  are  directly  computed,  respectively,  from  (2.18)  and  (5.4),  using  the  results  of  the 
integration  presented  in  Section  7.  In  the  second  method,  the  nominal  stress  is  computed  from  (6.12) 
which  is  obtained  from  rate  constitutive  relations  through  the  incremental  procedure  described  above  and 
by  using  the  overall  moduli  derived  by  the  first  method.  Note  that  if  the  velocity  gradient  is  given,  then 
the  material  response  is  deduced  without  any  need  for  computing  the  overall  stiffness.  On  the  other  hand, 
if  the  boundary  conditions  are  mixed  or  are  expressed  in  terms  of  the  stress-rates,  then  the  overall 
stiffness  must  be  computed. 

7.  ANALYTICAL  INTEGRATION  OVER  A  TIME  INTERVAL 
The  local  constitutive  equations,  (4.2),  (4.5),  and  (4.8)  are  amenable  to  analytical  integration  over 
a  small  time  interval  (tp  ,  r^=r(,  +  Ar]  ,  assuming  that  the  velocity  gradient,  I  ,  remains  constant  over 
the  interval.  The  integration  is  performed  in  two  steps,  as  described  in  Section  6.  In  the  first  step,  the 
material  is  assumed  to  remain  elastic  under  a  total  increment  of  loading  A/  =  (f^-rp)/.  In  the  second 
step,  the  plastic  deformation  allowing  for  the  yield  condition  to  be  satisfied  is  obtained.  Hence,  it  is 
supposed  that  the  yield  criterion  is  satisfied  in  the  second  step,  if  it  was  not  already  satisfied  at  the  end 
of  the  first  step.  Consistent  with  (3.1),  the  superposition  of  the  two  steps  will  correspond  to  /*=/-/**  . 

7.  /  The  First  Step  of  Integration 

The  integration  of  the  evolution  equations  (4.2),  (4.5),  and  (4. 8)  for  m,  c,  and  /,  respectively, 
are  performed  between  the  initial  time  t^  and  tp  .  As  mentioned  earlier,  the  material  is  assumed  to 
be  elastic  in  this  step.  Details  are  given  below. 

(a)  Integration  of  the  evolution  equations  for  m  and  s 

Since  in  the  first  step  the  magnitude  of  the  inelastic  strain  rate,  y  ,  is  zero,  Eq.s.  (4.2)  can  be 
written  as 

=  ,  s,  =  w^Sj  ,  (7.1) 

where  (3.9)2,  (‘^•19)2,  and  (4.21)2  are  used.  The  solution  of  the  above  equations  can  be  written  in  terms 
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of  an  angle  B,  defined  by 

6  =  -w'i2  =  -»*'i2  • 

Integrating  between  and  tf  , 


or 

0‘  =  eo-Aw,j  , 


(7.2) 


(7.3) 


(7.4) 


where  6*=0(r^)  and  0Q  =  0(rQ)  .  Notice  that  at  any  time  tp  ,  we  have 

m(tp)=R(tp,tg)m(tg)  ,  s(tp)=R(tp,tg)s(tf^)  ,  (7-5) 

where 

cos(0‘-0p)  -sm(0’-0Q) 
sin(0*-0(,)  cos(0’-0(,) 

Hence,  since 

m(to)=cos0oe,+sm0oej  , 

(7.6) 

5(ro)=sin0j,e,-cos0oej  , 

where  e^  and  ej  are  unit  vectors  along  the  coordinate  axes,  it  follows  from  (7.5)  that  at  the  end  of  the 
first  step,  the  components  of  m  and  s  are  as  follows: 

m,(r/)  =  cos(0o-Aw,j)  ,  mj(r^)=sm(0o- A>v,j) , 

(7.-,; 

,  Sj(tp)  =  -m,(tp)  . 

(b)  Integration  of  the  evolution  equation  for  t 

Again,  since  in  the  first  step,  y  is  zero,  Eq.  (4.5)  can  be  written  as 
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(7.8) 


--bd^ 


Integrating  this  equation  from  fg  to  t*f  ,  we  have 


f  —  =  f  b{trd)dt , 


or 


In  =  b {trd){tp-t^)  B  b  {trtid) 

c(^o) 


Hence,  at  the  end  of  the  first  step  of  integration, 


(7.9) 


(7.10) 


(7.11) 


c(/;)  =  c(fo)e‘<'^^‘«  . 

fc)  Integration  of  the  evolution  equations  for  the  contact  force  f 

The  evolution  equations  for  the  contact  force  are  given  by  (4.8-10).  Substituting  for  c(0  from 
(7. 11)  and  for  m  and  s  from  (7.7),  and  (7.7),  into  (4.9-10),  using  (7.4),  it  then  follows  from  (4.8)  that 


=  bifrd)  /<"’  +  c(g  [Vtrd* 

+  2  H  11  ®  ® ®  ^22  > 


(7.12) 


and 


/”  =  b(rr<i)/<’>  +  2p‘e(fo)  <‘^''‘'^''^’[i/i,sinecos0  + 

+  //,2(sui*6 -cos^O) -ffjjSinO  cosO]  , 


(7.13) 


where,  since  y  is  zero,  d'=d  .  Now  let 


A(t)  =  /"V)  ,  B(t)  =  /<^)(0  e'^ , 


then 


(7.14) 
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^  =  c(rj,)  {(X*  +  ji’)frrf+p*[(rf|, -^)cos20+2rf,jsin20]) 
B  =  cC/j)  n*  [(rf„  -<ijj)sin20-2^f,jcos20]  . 


(7.15) 


The  above  relations  can  be  integrated  by  noting  that  all  the  quantities  that  appear  in  these  equations 
remain  constant  over  the  interval  except  for  B  which  varies  with  time  according  to  (see  Eq.  (7.3)) 

0(O=eo-w,j(f-/o).  (7.16) 

Proceeding  with  this  integration  (see  Appendix  A  for  details)  and  substituting  for  A(t)  and  B(t)  into  Eqs. 
(7.14),  we  find  that  when  Wjj=0  , 

(7.17) 

/*’(<;)  =  -  e(r^  , 

and  when  h’jji‘0  , 

/<">(f;)  .  e‘''""(/<">(fo)  +  e(ro)[(X‘  M‘)<r  Arf  +  m‘(o,  a,  +0^0, )] )  , 

(7.18) 


where 


a^  =  m1(tir)-m\)  , 

(7.19) 

‘*3  = - 7 -  » 

Ah-,j 

2Acf,2 

a.  = -  . 

Ah.„ 

Equations  (7.17)  and  (7.18)  give  the  values  of  the  normal  and  tangential  components  of  the  contact  force 
at  the  intermediate  time  ,  i.e.,  at  the  end  of  the  first  step  of  integration. 
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7.2  The  Second  Step  of  Integration 

Integration  of  the  evolution  equations  for  m  ,  #  ,  c  ,and  /  are  performed  between  the 
intermediate  time,  t^  ,  and  the  final  time  t^  .  Accordingly,  in  the  second  step,  the  yield  condition  is 
enforced  if  it  was  not  already  satisfied  at  time  tj,  . 

(a)  Integration  of  the  evolution  equations  for  m  and  t 

Recalling  the  definition  of  angle  0,  namely,  (7.2)„  we  have 

6  ■  -Wj'j  *w,j*  .  (7.20) 

The  components  of  the  local  inelastic  spin  are  given  by  Eq.  (4.19)j  for  single-slip,  S'"’,  and  by  Eq. 
(4.21)2,  for  double-slip,  DS'®-'”.  Employing  these  relations  together  with  (4.20)2,  we  have 


w”  =  -  vW 
W12  -  -Y 


(7.21) 


where,  u  =  -1,  0,  +I  for  single-slip,  S'"’;  and  where  u  =  -1,  +1  for  double-slip,  OS'®  "’.  Substituting 
from  (7.21)  into  (7.20)  and  integrating  between  tf  and  tf  , 

0,  =  0%^Ay,  (7.22) 

where  0;,  =  0(tp  and  where,  as  in  (7.4),  0*B0(r^)  se^-Awjj  .  Following  a  procedure  similar  to  that 
described  earlier  for  step  one,  we  find 


m,(r^)  =cos(0*  +  •^Ay<*>)  ,  mjfr^)  =sin(0*  +  -  Ay*"’) 


(7.23) 


,  sft^)  =  -mftf)  . 


Given  the  magnitude  of  the  local  inelastic  strain  increment,  Ay‘“^  ,  the  final  orientations  of  fabric 
vectors,  m  and  s  ,  can  be  calculated  from  the  above  relations.  The  values  of  Ay'“^  are  calculated 
by  imposing  the  appropriate  yield  criterion.  This  is  done  in  Section  (7. 2d),  after  the  evolution  equations 
for  the  contact  force  are  integrated  in  Section  (7.2c). 

(b)  Integration  of  the  evolution  equation  for  t 

In  the  second  step  of  integration  the  evolution  equation  for  e  can  be  written  as 
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(7.24) 


c 


where  the  local  inelastic  rate  of  volume  change,  ,  must  be  calculated  from  (4.19),  for  single-slip, 
S'“\  and  from  (4.21),  for  Performing  this  calculation  and  integrating  (7.24)  from  to 
yields 


f  ^ 

e 


f ,  for  («=-1.0,+l), 

»; 

•a 

]■-&((«-)/-) +  for  («*-l.^l). 


(7.25) 


or 


In 


e(V) 

e(t;) 


/or  , 


(7.26) 


-6(CWy“‘>  *  y'''>  +  y'°>),  for 


Hence,  ' .  the  end  of  the  first  step  of  integration. 


^  ^(,)  ^  (u  =  -i,o,  +  l) 

e(r;).-*<W-'.c-4r-)  ,  yi,,  («  =  -l,.l). 


(7.27) 


(cj  Integration  of  the  evolution  equations  for  the  contact  force  f 

In  the  second  step  of  integration,  since  /*  -  -I"  ,  the  evolution  equations  for  the  contact  force, 
i.e.,  equations  (4.8),  become 


4%2p*  dl'rn.m;)  . 

/  -  e(2p*r/J*j^wi,)  , 


(7.28) 


where,  (4  9)  and  (4.10)  have  been  used  in  writing  (7.28).  Again  the  local  inelastic  strain  rate,  d^ 
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must  be  calculated  from  (4.19),  for  single  slip,  S<"’,  and  from  (4.21),  for  DS*®”’.  Performing  this 
calculation  and  substituting  the  result  into  (7.28),  we  find  that 


where  (7.27)  has  been  employed,  and  where 

,  for  , 

+  .  for  DS'^^\ 

(X-42p*)e(t;)W’.  for  ,5W  , 

Cj  = 

(X*+2p*)e(t;)(C<*’Y‘*^  +  C'°>Y®)  »  for 


(7.29) 


(7.30) 


(7.31) 


C,«p•c(t;)«Y‘'^  for  S^^Kand  for  DS^^\  (tt»-l,0,  +  l). 

Integrating  (7.29)  between  tf  and  tf  ,  we  find  that 

/<-)(, ^).(y<«)(,;)_q A . 

Hence,  for  single  slip,  S*"’,  at  the  end  of  an  increment  we  have, 

/%)  =  [/<"\r;) -(X'  +  2p‘)c(f;)(<‘'’Ay<“)j< , 

/'VP  =  (/'’(t;)-p’c(t;)«AY“'’)e'*^‘’‘'^'‘’  . 

while,  for  double  slip,  DS'”''*,  we  find 


(7.32) 


(7.33) 


(7.34) 
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C7J5) 


^  Caiaiatkm  of  AeMapamde  of  Aeladasdc  Strain  buremae 

iFbrasia^s3i>s]fSSaii,S”,  iheiiirrEBiait  of  indastic  strain  is  calodacsdbjinipoKBstiievidd 
conSlim,  Le., 

.  (7-36) 

Satjstitiitii^  fircm  (734),  into  (73Q  and  solviiie  for  ,  «c  find  fiiat 


At«- 


e(t;Ml»*l«l*l»(*^(A*^2|i*)) 


(7.37) 


For  the  double  slip  system,  DS®^,  substituting  ftom  (7.35)  into  the  yidd  conditions. 


r«-a/«(t^)*p/<->(rp)=0 . 

and  solving  for  the  magnitudes  of  the  inelastic  strain  increments,  we  obtain 

*  «n  /•’(*;)-«(iV|i-+2)C'*>/«(r;) 
Ay'“'= -  , 

c(r;)C‘°’(i-*2p*) 


and 


Ay«= 


e(r;)p* 


(7.38) 


(7.39) 


(7.40) 
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S.  INITIAL  AND  BOUNDARY  CCDiDITIONS 


lo  Ae  mtmaiai  falmlafioig,  k  is  ofisa  aeeessjey  fo  o6cain  die  hsdai  tastrSsaiioa  m  coceadt 
fecces,  psen  die  ioidalconfimi^  stress  and  die  imdaififcric.  Ao  eqfressioa  reiads^  Oiseart  forces 
to  die  maCToscopic  sires  and  fobric  is  derdoped  ia  Section  8.1.  Boondaty  condkioss  are  desofoed  in 
Section  8  J. 


S.J  Imtidl  Cdmaa  Forces 

An  cqnessioa  for  (he  average  Ointial)  omtact  force  in  each  dass  could  be  obtxned  by  assoming 
dist  this  qoantity  b  rdated  to  the  contact  nonnal  wbkb  idemifies  tfatf  particular  dass,  by  means  of  a 
polynomial  ex{nession;  tbe  coeflidents  of  die  poIyncMnial  are  macroscopic  quantities,  i.e.,  they  are  dass- 
independeid.  For  sinqilid^,  foliomng  Mefarabadi,  Nemat-Nasser,  and  Oda  (1982),  we  assume  that 

(8-1) 

where  A^  are  global  quantities  indqiendent  of  dass.  Tbe  distribution  of  contact  forces  given  by  (8.1) 
must  be  compatible  with  a  symmetric  Cauchy  stress,  .  defined  by  (2.19)  and  (2.22).  Thus, 
substituting  from  (8.1)  into  (2.19),  using  (2.22),  wre  must  have 

.  (8-2) 

Introducing  the  traceless  second-rank  fabric  tensor,  defined  by  the  relation 

Jy  =  4(<m,m^>  -  .  (8.3) 

into  (8.2),  the  initial  macroscopic  Cauchy  stress  is  found  to  be 

To  calculate  the  contact  force  from  (8.1),  one  has  to  solve  (8.4)  for  in  terms  of  the  given  initial  values 
of  the  stress  and  fabric  and  then  substitute  the  result  in  (5.?).  To  this  end,  define  the  symmetric  and  skew 
parts  of  Aij  by 
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sodnt 

A^=a;*a;.  (8«) 

Usins  t&e  identdiss 

A^J*JA*  =(prA^J*{trJA^l  ,  trJA-=0, 
wiisre  5  is  the  anh  tensor,  in  (8.4),  one  can  show  th^ 

A-  =  -iJA'-A'J)  .  (8-8) 

4 

Now  employing  (8.S)  and  the  identities 

JA*J  =  -i2itrJA^J-itrJ^)A**{lrAyfrfi)h\  .  j2=l(irj*)»  ,  (8.9) 

2  2 

in  (8.4),  we  obtain  the  following  relation 

16E®=(8-frj2)>4‘4(2(rM0+(fr-^i4*)y+|[4(frJi4*)  +  (»'i4*)(^r7^)]8  -  (8-10) 

Note  that  the  identities  (8.7)  and  (8.9)  are  limited  to  two  dimensions.  Solving  (8. 10)  for  A^,  one  obtains 

A'  =  — - — [4E°-(trE®)y-(rrEV)l]  .  (8.11) 

%-trJ^ 

Substituting  from  (8.11)  into  (8.8)  yields 

A  -  =  — - —  (7E®  -  rV)  .  (8. 12) 

8-?rj2 

Finally,  the  expression  for  is  obtained  by  adding  (8.11)  and  (8.12)  according  to  (8.6). 

Note  that  for  an  initially  isotropic  sample. 
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J=0 


(8.13) 


>«=2E*. 

ttiieie  (8  J),  (2- 17)>  1 (8. 12).  and  (8.Q  have  been  ossd.  Enrploying  (8. 13):  In  (8. 1),  h  then  follows 

that 

=2Z\mj  .  (8-^4) 

Hence,  when  the  Initial  confining  stress  is  also  isotropic,  there  is  no  shear  force  present  at  any  contact 
point. 

8.2  Boundary  Conditions 

To  assess  the  predictive  capability  of  the  model,  the  incremental  procedure  described  in  the 
previous  section  is  employed  to  calculate  the  response  of  the  model  to  shearing  deformation  (Fig.2).  In 
the  initial  configuration,  the  sample  whidi  is  in  the  shape  of  the  unit  square  shown,  is  assumed  to  be  in 
equilibrium  under  constant  confining  loads  P,  and  Pj.  Keeping  the  vertical  force  (Pj)  constant,  an 
increment  of  shear  strain  AL„  is  then  applied  to  the  sample.  Requiring  that  the  side  A’B’  remains 
parallel  to  the  horizontal  side  AB  and  that  A’B’  =  AB  =  OC  at  all  times,  the  volume  change  of  the 
sample  is  calculated  from 

^N^=0  ,  L„=0.  (8.15) 
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9-  NUMERICAL  RESULTS  AND  DISCUSSIONS 


Numerical  calculations  corresponding  to  the  two-dimensional  briiavior  of  the  model  under 
monotonic  and  cydic  shear  are  presented  in  this  section.  In  these  calculations  48  discrete  orientations 
are  used  between  0*  and  360*  to  define  48  classes  of  contacts.  The  initial  conditions  and  material 
constants  for  the  monotonic  loading  (Section  9.1)  are  chosen  so  that  the  bdiavior  of  the  model 
corresponds  to  that  of  densdy  packed  granular  materials;  while  for  the  cyclic  loading  (Section  9.2),  the 
initial  conditions  and  constants  are  chosen  so  that  the  model  behavior  corresponds  to  a  loosely  packed 
sample.  The  material  constants  and  initial  conditions  used  in  the  two  cases  are  summarized  in  Table  1. 


Table  I  Material  constants  and  initial  conditions 


In  this  Table,  and  are  reference  stress  and  area,  respectively,  and  is  the  initial  value 
of  a  defined  by  (4.40)2.  "fhe  initial  orientational  distribution  of  contact  normals  is  assumed  to  be 
isotropic  for  both  cases.  As  shown  in  Table  I,  except  for  the  constants  b  and  /5  ,  the  remaining  constants 
have  been  chosen  to  be  identical  for  both  cases.  Examination  of  (7.11)  and  (7.12)  reveals  that  the 
constant  b  which  was  first  introduced  in  (4.5),  governs  the  value  of  the  parameter  c  and  the  volumetric 
behavior  of  the  material.  On  the  other  hand,  it  can  be  verified  from  (4.40)  that  the  parameter  c  and  the 
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constant  0  strongly  affect  the  orientational  distribotion  of  contact  normals.  Notice  that  the  diosen  values 
of  b  and  0,  in  the  two  cases,  differ  by  two  and  one  orders  of  magnitude,  respectively.  We  shall  find  out 
that  the  model  bd^aves  like  densdy  packed  materials  for  a  large  absolute  value  of  b,  while  it  bdiaves 
similarly  to  a  loosely  paclc<^  material  for  a  relativdy  large  value  of  0.  A  thorough  study  of  the 
interrelationship  among  the  various  constants  has  been  left  for  future  investigation. 

9.1  Behavior  of  the  Model  Under  Monotonic  Shearing 

(a)  Stress-Strain-Volumtlric  Behavior 

The  stress-strain  behavior  of  the  model  under  monotonic  loading  is  depicted  in  Fig.3,  where  the 
ratio  of  shearing  stress  to  the  mean  normal  stress  is  plotted  versus  the  magnitude  of  shear  strain.  The 
volumetric  strain  versus  shear  strain  is  plotted  in  Fig.4.  The  data  points  indicate  the  beginning  of  an 
increment  of  loading.  The  numbers  5,  20,  30,  40,  and  50  appearing  on  the  plots  identify  the  increments 
for  which  the  orientational  distribution  of  contact  normals  and  other  microstructural  quantities  are 
presented  here  for  discussion.  At  increment  S,  the  behavior  is  still  elastic  (with  no  slip  taking  place  at 
any  contact)  and  no  significant  change  in  volume  occurs  anywhere.  This  linear  elastic  behavior  continue.s 
until  about  increment  14,  when  slip  occurs  at  certain  contacts  and  v/hen  a  change  in  volume  starts  to  take 
place.  Failure  occurs  at  about  increment  30  at  which  time  the  material  starts  to  soften  up  until  increment 
50  when  large  deformations  can  take  place  under  a  constant  stress  ratio.  The  volumetric  and  stress-strain 
behavior  of  the  model  with  the  constants  and  initial  conditions  given  in  Table  I,  clearly  correspond  to  the 
observed  behavior  of  dense  granular  materials. 

(b)  Evolution  of  Contact  Normal  Distribution 

When  the  sample  is  isotropic,  there  are  an  equal  number  of  contacts  in  all  classes.  Hence,  it 
follows  from  (2.16)  tnat 

=  (9  A) 

so  that  the  distribution  of  the  number  of  contacts  in  various  classes,  represented  by  the  quantity  lir  E{m) 
in  polar  coordinates  is  a  unit  circle.  The  distribution  of  the  quantity  27r  E(m)  at  increments  0,  5,  20,  30, 
40,  and  50  is  compared  to  this  unit  circle  in  Fig. 5.  There  are  48  data  points  in  each  plot  of  Fig. 5 
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c(y£responding  to  the  48  classes. 

No  significant  diange  in  the  number  of  contacts  occurs  in  the  elastic  regime  up  until  incremeiii 
14  when  a  few  contacts  become  active.  As  a  class  of  contacts  becomes  active,  the  magnitude  of  the 
average  contact  force  corresponding  to  that  class  increases  (see  the  next  section  for  details).  The  increase 
in  this  contact  force  then  leads  to  an  increase  in  the  number  of  contacts  in  the  active  classes  (see  Fig.5, 
increment  20).  Since  the  total  number  of  contacts  in  the  sample  changes  only  slightly,  the  increase  in 
the  total  number  of  contacts  for  active  classes  is  accompanied  by  a  decrease  in  the  number  of  contacts 
in  all  the  inactive  classes  including  the  class  of  contacts  whose  normal  is  in  the  maximum  compressive 
stress  direction.  As  more  classes  of  contacts  become  active,  the  number  of  contacts  in  the  class  whose 
normal  is  in  the  direction  of  maximum  compressive  stress  decreases  to  a  critical  value  at  the  peak  strength 
(increment  30;  see  Fig.3)  when  further  shearing  of  the  sample  causes  a  collapse  of  the  load-bearing 
columns  formed  by  the  contacts  belonging  to  this  class.  The  collapse  of  these  columns  leads  to  the  loss 
in  strength  and  the  softening  of  the  sample.  This  point  is  further  discussed  in  the  next  section  in 
connection  with  the  evolution  of  the  contact  force  magnitudes  and  active  contacts. 

(c)  Evolution  of  the  Contact  Force  Magnitudes  and  the  Critical  Contacts 

The  distribution  of  the  contact  force  magnitudes  and  the  status  of  various  classes  of  contacts  in 
terms  of  whether  they  are  critical  or  not,  is  considered  in  Figs.  6a  and  6b.  The  48  data  points  in  each 
plot  of  these  figures  correspond  to  the  48  classes  of  contacts.  The  magnitudes  of  the  contact  forces  are 
represented  by  die  non-dimensional  quantity  Ml  f/p,  where  p  =  -(1/2)  tr  E,-  while  the  status  of  the 
contacts  is  represented  by  the  non-dimensional  quantity  This  latter  quantity  varies  between  -1  and 
-f  I.  It  equals  -1  or  -f-1  for  active  contacts  undergoing  negative  or  positive  slip,  respectively.  The 
intermediate  values  correspond  to  non-critical  contacts  where  there  is  no  slip. 

Since  the  initial  confining  pressure  on  the  horizontal  plane  is  -4  and  on  the  vertical  plane  is  -2, 
the  distribution  of  the  magnitudes  of  the  contact  forces  (see  Fig. 6a,  Increment  00)  is  such  that  the 
maximum  and  minimum  contact  forces  are  carried  by  the  classes  of  contacts  whose  normals  are, 
respectively,  along  tlie  vertical  and  horizontal  axis.  The  initial  directional  distribution  of (Fig-6a, 
Increment  00),  indicates  that  there  are  no  critical  classes  of  contacts  and  the  sample  is  indeed  initially  at 
equilibrium.  As  might  be  expected,  however,  this  distribution  is  biased  so  that  several  classes  whose 
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nomuls  are  making  angles  of  about  40*  or  220*  are  close  to  becoming  active  with  a  positive  slip. 
Similarly,  those  classes  whose  contact  normals  are  making  an  angle  of  about  135°  or  325”  with  the 
horizontal  axis,  have  the  potential  to  become  active  and  undergo  a  negative  slip. 

As  the  sample  is  sheared  to  the  right,  the  maximum  compressive  stress  rotates  in  a  clockwise 
direction  causing  the  contact  force  distribution  to  rotate  accordingly  (see  Fig.6a,  and  6b).  In  the  elastic 
regime,  no  signiOcant  change  in  the  shape  of  the  distribution  of  the  magnitudes  of  the  contact  forces 
occurs  (see  Fig.6a,  Increment  05).  As  the  distribution  of  the  magnitudes  of  the  contact  forces  rotates, 
however,  the  normal  components  of  the  contact  forces,^,  (which  have  a  distribution  very  similar  to  the 
magnitudes  of  the  contact  forces,/)  decrease  for  nearly  critical  contacts.  This  decrease  mf„  leads  to  an 
increase  in  the  absoiute  value  of  Eventually  this  value  increases  to  unity  and  the  nearly  critical 

contat‘3  become  active  (see  Fig.6a,  Increment  20). 

The  initiation  of  slip  at  critical  contacts,  causes  mostly  a  change  in  the  shape  (and  little  or  no 
rotation)  of  the  distribution  of  the  contact  force  magnitudes,  as  can  be  verified  by  comparing  the  plots 
of  increments  20,  30,  40,  and  50,  in  Figs.6a  and  6b.  As  a  class  of  contacts  becomes  active,  the  local 
slip-induced  diiatancy  causes  an  increase  in  the  magnitude  of  the  contact  force.  This  can  be  verified  by 
inspecting  Eqs.  (7.34),  noting  that  the  final  values  of  the  components  of  the  contact  forces  are  exponential 
functions  of  the  slip-induced  diiatancy  and  that  the  constant  b  is  negative.  At  the  peak  strength,  i.e.,  at 
about  increment  30,  the  magnitudes  of  the  contact  forces  of  an  active  class  becomes  comparable  with  the 
magnitudes  of  the  contact  forces  corresponding  to  the  class  whose  normal  is  along  the  maximum 
compressive  stress  direction.  This  causes  an  instability,  as  mentioned  earlier,  in  the  form  of  buckling 
or  collapse  of  the  load-bearing  columns,  as  can  be  seen  by  comparing  the  plots  of  increments  20  and  30. 
This  behavior  is  consistent  with  the  experimental  results  of  Oda  (1972).  After  the  peak  strength  and 
buckling  of  the  load-carrying  columns,  the  sample  gradually  softens  until  a  critical  stress  state  is  reached. 

9.2  Behavior  of  the  Model  Under  Cyclic  Shearing 
(a)  Stress-Strain-Volumetric  Behavior 

The  stress-strain  and  volumetric  behavior  of  the  model  under  cyclic  shear  is  shown  in  Figures 
7  and  8,  respectively.  Once  again,  the  data  points  indicate  the  beginning  of  an  increment  of  loading. 
The  transition  from  linear  elastic  behavior  to  inelastic  behavior  begins  just  after  increment  5,  when  the 
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sample  volume  begins  to  increase.  Unlike  the  previous  example,  there  is  no  loss  in  strength  or  softening 
of  the  materia]  in  this  case  so  that  the  behavior  resembles  that  of  a  loosely  packed  granular  material. 

At  inaement  25  and  75  the  strain-rate  direction  is  reversed.  The  stress-strain  behavior  of  the 
model  is  in  good  qualitative  agreement  with  the  observed  behavior  of  loosely  packed  granular  materials. 
However,  the  volumetric  behavior  is  not  in  good  agreement  with  the  observed  behavior  because  the  model 
predicts  a  net  dilatancy  rather  than  a  net  densification  at  the  end  of  the  cycle. 

(b)  Evolution  of  Contaa  Normal  Distribution 

The  distribution  of  the  quantity  2x  E(m)  at  increments  0,  5,  25,  39,  50,  and  75  is  represented 
in  Fig.9.  Again,  there  are  48  data  points  in  each  plot  of  Fig.9  corresponding  to  the  48  classes.  Since 
the  sample  is  assumed  to  be  initially  isotropic  the  distribution  of  normals  is  a  unit  circle  at  increment  0. 

In  this  example,  there  is  a  slight  change  in  the  number  of  contacts  within  a  class  in  the  elastic 
regime  (see,  Fig.9,  Increment  05).  As  the  sample  is  sheared,  even  at  the  very  beginning  of  the  loading 
in  the  course  of  elastic  behavior,  the  fabric  adapts  itself  to  the  rotation  of  the  principal  stress  axes  so  that 
there  are  more  contacts  along  the  maximum  compressive  stress  (Fig.9,  Increments  5,  etc,).  This  should 
be  contrasted  with  the  evolution  of  contacts  in  the  previous  example  where  a  reduction  of  contacts  led 
to  the  buckling  and  collapse  of  the  load-carrying  columns  along  the  maximum  compressive  stress  direction 
which  in  turn  led  to  a  loss  of  strength  or  softening  of  the  material.  Another  interesting  point  is  that  the 
distribution  of  contact  normals  at  increments  39  and  92  (not  shown),  when  the  stress  ratio  is  zero,  is 
nearly  isotropic  and  hence  it  is  similar  to  the  initial  distribution  of  contact  normals. 

(c)  Evolution  of  the  Contact  Force  Magnitudes  and  the  Critical  Contacts 

The  distribution  of  the  contact  force  magnitudes  and  the  history  of  active  and  inactive  classes  of 
contacts  are  considered  in  Figs.  10a  and  10b.  Again,  the  magnitudes  of  the  contact  forces  are  represented 
by  the  non-dimensional  quantity  M(  f/p,  while  the  status  of  contacts  is  represented  by  the  non-dimensional 
quantity  -/>/„. 

Since  the  initial  confining  pressure  is  isotropic,  the  distribution  of  the  magnitudes  of  the  contact 
forces  (see  Fig.  10a,  Increment  00)  is  the  same  for  all  classes  of  contacts.  As  mentioned  earlier  in  section 
8.1  (see,  Eq.  8.14),  since  the  initial  confining  stress  and  the  initial  fabric  are  both  isotropic,  tlie 
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component  of  the  shear  force  vanishes  for  all  the  classes  of  contacts  and  hence,  the  quantity  is 
initially  zero;  see,  the  initial  directional  distribution  of  (Fig.  10a,  Increment  00). 

As  mentioned  earlier,  during  shearing,  the  rotation  of  the  maximum  compressive  stress  causes 
the  contact  force  distribution  to  rotate  accordingly  (see  Figs.  10a,  and  10b).  After  the  initial  rotation  and 
a  significant  redistribution  of  contact  forces  in  the  very  beginning  of  loading  during  the  elastic  regime 
(Fig.  10a,  Increment  05),  no  significant  rotation  occurs  up  until  increment  39  when  a  stress  reversal 
occurs.  At  about  increment  39,  the  distribution  of  contact  forces  is  only  slightly  anisotropic,  and  hence 
approximately  similar  to  the  initial  distribution  of  contact  forces.  Note,  however,  that  there  are  several 
active  classes  of  contacts  at  increment  39,  while  the  sample  is  initially  in  a  state  of  equilibrium. 

10.  SUMMARY  AND  CONCLUSIONS 

A  micromechanically-based  model  for  the  two-dimensional  behavior  of  granular  materials  is 
presented  in  this  paper.  The  model  is  systematically  formulated  as  follows: 

1 .  The  relationship  between  the  overall  stress  and  the  microscopic  quantities  is  examined.  These 
microscopic  quantities  include  the  interparticle  forces  and  the  number  and  orientation  of  contacts,  and  the 
average  size  of  the  particles. 

2.  The  relationship  between  the  overall  velocity  gradient  and  the  microscopic  deformation 
measures  characterizing  the  relative  frictional  sliding  and  rotation  of  the  granules  is  considered. 

3.  Local  constitutive  equations  are  introduced  for  the  rate  of  change  of  the  contact  forces,  the 
evolution  of  contact  normals,  the  mechanism  of  local  failure,  and  for  the  number  of  contacts  in  a 
particular  orientation.  The  local  constitutive  relations  are  simple  enough  to  permit  an  analytical 
integration  over  a  small  time  interval.  This  is  an  important  feature  of  the  present  model  because  the 
overall  nominal  stress  can  be  computed  directly  by  employing  the  relationship  for  the  overall  stress, 
mentioned  in  (1)  above. 

4.  Macroscopic  rate  constitutive  relations  are  developed  for  the  stress  rate  by  adoptin':  a  Taylor- 
averaging  method  and  by  writing  explicit  relations  between  the  number  of  contacts  per  unit  volume  and 
the  incremental  change  in  volume.  The  analytical  integration  of  the  local  constitutive  relations  mentioned 
in  the  previous  step  are  used  to  obtain  the  overall  stiffness  from  (5.13). 

5.  Due  to  the  nonlinearity  of  the  local  constitutive  relations,  the  material  response  is  computed 
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by  an  incremental  procedure.  Bj  employing  this  procedure,  the  nominal  stress  can  also  be  computed  by 
incrementally  integrating  the  expression  for  the  overall  nominal  stress  rate. 

6.  The  predictions  of  the  model  in  the  case  of  shearing  deformation  were  obtained  by  means  of 
two  numerical  examples,  fn  addition  to  the  overall  stress  and  strain  diagrams,  explicit  and  detailed  results 
are  presented  for  the  evoludon  of  fabric,  contact  force,  and  the  history  of  active  and  inactive  classes  of 
contacts.  By  examining  these  results  it  has  become  possible  to  clearly  explain  the  mechanism  of  failure 
and  softening  of  densely  packed  materials  as  well  as  the  mechanism  of  the  inelastic  deformation  of  loosely 
packed  materials.  In  so  far  as  the  shearing  deformation  is  concerned,  the  stress-strain  behavior  of  the 
model  is  in  excellent  qualitative  agreement  with  the  observed  behavior  of  granular  materials.  However, 
the  volumetric  response  of  the  model  in  cyclic  shear  is  not  realistic  because  it  predicts  a  net  dilatancy 
rather  than  a  net  densification  at  the  conclusion  of  cyclic  deformation. 
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APPENDIX  A.  DERIVATION  OF  RELATIONS  (7.!?)  AND  (7.18) 

Writing  (7.1Q  in  die  fonn 

3{<)  = 

where  0<,  =  Oa+Wu*#  is  a  omstact,  we  note  that  when  w^  =  0, 

f  0x20  dt  =  ox20a(f-^ 

i  (A  2) 

Similarly, 

J^^ld  dt  =  sin20j,(f-r|,)  2) 

H 

=  2m,(l^)mj(^)(r-li,)  . 

Integrating  (7.15),  using  (A  2)  and  (A  3),  substitutingthe  result  into  (7,14),  and  solving  for  the  imnsa] 
and  tangential  components  of  the  contact  force,  Eqs.  (7,17)  will  be  obtained. 

When  w,j  0,  we  have 


t  t 

jcosld  dt  =  Jcos2(0p-Wyt)d!f 
%  h 

=— ^  Isin8<jCos6.-sin0cos0] 

«’I2 

^ij 


Similarly, 


rsin20  dt  =— [m,‘(/)-wf(fp)] 

J  ur.. 


Again,  integrating  (7.15),  using  (A  4)  and  (A  5),  substituting  the  result  into  (7.14),  and  solving  for  the 
normal  and  tangential  components  of  the  contact  force,  Eqs.  (7.18)  will  be  obtained. 
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FIGlIRECAPnCMiS 


Hgofe  1:  Sfhaiiaife  TepreseaO&m  c(  Ac  loai  ykid  coodiiiiisa,  Eqs.  (4.14), 

Figertlz  Dflatjat  riiorieg  defoweatina  of  a  saBi|fe  of  graaoiar  asateriab. 

FlfareS:  Predkted  sttess-arm  rgspome  <rf~  tee  naeeriag  uaaer  monotomc  dsear. 

Fl^Bie4:  Predkfad  wfaaielric  bdavior  of  the  aatgri^  cnder  ckwHoto  shear. 

FigiireS:  Kstrgwticpof  coatact  nonials  at  iaaemeztt  indka!gd  on  the  siress-straig  anve  of  Fig.  1. 
Figore  6:  I^stribaUra  cf  nagnitodg  of  aasoict  foicG  and  tfis  diiecdooa!  distribctk^  of  tiis  ratio  of 
siisar  to  oonsal  forces  a!  varsoos  iccrea^nts  marked  on  the  stress-str^  conre  of  Fig.  1. 
Figure  7:  Stress-strain  respcmse  of  die  modd  under  crdic  diear. 

Fignre  8:  Volumetric  beiiavior  of  the  modd  under  Qxlic  shear. 

Figure  9:  Distiilnition  of  contau:t  normals  at  racrements  indicated  on  the  stress-strain  curve  of  Fig.  7. 
Figure  10:  Distribution  of  magnitudes  of  contact  forces  and  the  directional  distribution  of  the  ratio  of 
shear  to  normal  forces  at  various  increments  marked  on  the  stress-strain  curve  of  Fig.  7. 
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Abstract 

A  recently  proposed  constitutive  model  for  two-dimensicmal  flow  of  granular  materials  is 
briefly  reviewed  and  some  numerical  results  are  presented  in  this  p^ier,  Hist,  the  concqit 
of  fabric  and  the  relations  between  the  overall  stresses  and  the  relevant  microscopic 
quantities  are  reviewed.  Then,  the  kinematics  is  briefly  examined.  A  significant  cmicqit 
underlying  all  these  developments  is  the  notion  of  the  class  of  contact  unit  normals  with  a 
continuously  evolving  distribution  function,  even  though  indiddual  members  of  various 
classes  may  change  discontinuously,  as  contacts  are  lost  and  new  contacts  are  developed  in 
the  course  of  granular  flow.  Next,  local  and  macroscopic  constitutive  relations  are  discussed 
and  the  evolution  of  the  density  of  contacts  in  a  particular  class  is  considered.  As  an 
illustration,  the  overall  response  of  a  two^imensional  assembly  of  disks  subjected  to  an 
overall  shearing  deformation  is  determined.  The  stress-strain  relations  and  the  e\'olution  of 
fabric  are  in  excellent  qualitative  agreement  with  the  observed  behavior  of  granular 
materials.  In  light  of  these  results,  the  micromechanisms  of  failure  and  inelastic  deformation 
of  dense  as  well  as  loose  granular  materials  are  discussed. 


1.  INTRODUCTION 

Development  of  overall  macroscopic  constitutive  relations  for  granular  materials  on  the 
basis  of  simple  and  reasonable  micromechanical  assumptions  is  of  great  interest.  A 
systematic  approach  to  this  problem  inevitably  would  include  considerations  of:  I)  a 
description  of  the  overall  macroscopic  stresses  in  terms  of  contact  forces,  their  distribution, 
and  some  relevant  geometric  measures  of  the  microstructure;  2)  a  description  of  the  overall 
measures  of  incremental  deformation  in  terms  of  quantities  that  characterize 
micromechanisms  of  relative  sliding  or  sliding  and  rolling  of  granules;  3)  a  description  of 
the  time  rate  of  change  of  the  overall  stress  in  terms  of  the  overall  deformation-rate  and  the 
overall  moduli.  A  procedure  for  achieving  all  of  these  goals  is  described  in  [1].  A  brief 


ie«ievr  of  iMs  proeedaie  aod  socae  wsamericaS  icsolis  m  pcestaStd  m  sMs  pzpa. 
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sede  axnpcSsr  ptognai  (see,  e.g.,  [2]).  On  6ie  (X&er  iaod,  in  Sie  course  of  con^nooas 
defongatioo  of  2  gsanolar  mass,  one  ezpecis  Hatt  smlaUe  raeasofes  of  tiae  (SsSifiKstioa  of 
fontaits  CXI  be  an^oftd  wbidi  efcandenze  a  certain  dass  of  confacts  and,  daetefoie, 
andaso  continooBS  dsange.  Adop6a^  fins  viewpoint  in  [1],  fbe  antbois  introdnee  sn^ 
coesfitufive  modds  at  die  cnendevd,  wineb  idaSe  die  dmtgt  (or  die  la&e  of  efaange)  in  the 
contact  fofce  assodafed  widi  a  pven  dass  of  conlacts  to  the  oonespoenfing 
mkao-defonnatioo  inerenient  (or  tale)  produced  by  fhe  conesponfing  daagss  in  die 
nucrostnic&ire.  Sndi  an  i^iproadi  (winch  deals  widi  dasses  of  contacts  ladier  than  with 
in£vidtal  contacts)  bypasses  die  daSkaM  issue  of  condnaons  loss  of  contacts  and  fonnadon 
of  new  ones. 

After  a  biief  review  of  die  concept  of  stress  and  ddnic  in  granular  materials  in  Section 
2,  kinenadcs  is  reviewed  in  Section  3.  At  the  local  levd,  fhe  description  of  Idnemadcs 
cone^iCRds  to  the  dodile  Clearing  modd  [3-4]  and  its  extenaon  to  (filatant  materials  [5-^. 
The  local  oonsdtodve  assompdons,  the  evolndon  of  die  probability  denaty  fanedon  of 
contact  normals,  and  the  macroscopic  consdtndve  rdadons  are  summarized  in  Section  4. 

As  an  niiistradon,  fhe  re^mnse  of  a  two-rfimenaonal  assembly  of  ri^d  cylindrical  disks 
of  drcular  cross  section  sul^ected  to  shearing  deformation  is  described  in  Section  5.  Two 
numerical  examples  are  presented,  one  of  whidi  amulates  the  reqxmse  of  loose  and  the 
(^her  cotre^mods  to  the  bdiaiior  of  dense  granular  materials.  The  mechanism  of  strain 
hardening  and  hulure  followed  by  strain  softening  which  is  a  characteristic  response  of 
densdy  packed  samples  of  granular  materials,  and  fhe  inelastic  deformation  mechanism 
conespmiding  to  the  loosely  packed  samples  are  discussed  in  light  of  the  model  piedic  Jons 
of  the  evolution  of  fabric.  The  resulting  stress-strain  relations  and  the  evolution  of  fabric 
and  the  evolution  of  ccmtact  forces  are  in  excellent  qualitative  agreement  vdth  the  observed 
behavuor  of  granular  materials. 

2.  DESCRIPTION  OF  FABRIC  AND  STRESS 


We  consider  an  ideal  granular  material  composed  of  rigid,  dry  particles.  For  simplicity, 
particles  are  assumed  to  be  spherical  or  cylindrical  with  circular  cross-section.  Following 
Oda  [7j,  the  fabric  is  represented  by  the  distribution  of  the  unit  contact  normals.  Each 
orientation  corresponds  to  a  large  number  of  contacts  which,  while  individually  may  undergo 
abrupt  changes,  collectively  evolve  in  a  continuous  manner  during  the  course  of  the 
contir^uous  flow  of  the  representative  granular  sample.  In  this  manner,  one  can,  for  example, 
identify  an  initial  and  a  current  orientation  for  a  given  class  of  contacts,  while  clearly  the 
same  identification  may  not,  in  general,  be  possible  for  an  individual  and  specific  contact. 

TSie  group  of  M  contacts  per  unit  volume  of  a  representative  sample  of  granular  material 
is  divided  into,  say  Q  classes,  each  with  a  common  contact  plane  defined  by  the 
corresponding  unit  contact  normal.  Let  Mg,  (a  =  I,  2,  ...  Q),  be  the  number  of  contacts 
which  belong  to  class  a  with  common  unit  contact  normal  m®.  Then 


Q  AT 

=  1  . 
M 


(1) 
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When  the  imn^Mr  of  classes,  is  voy  large,  we  can  introdcce  the  distribution  density 
function  Efflt;  to  describe  the  angular  distribution  of  unit  brandies.  In  this  case  (1)  becomes 

f  £(m)dQ  =  I,  (2) 

Jo 


where  EfinJ  =  E(-m)^  and  where  dQ  is  an  elemental  angle  of  the  unit  drcle  0.  With  (2), 
the  airetage  of  ar^  quantity  is  ^ven  by 

Q  Jf 

<♦>  •  *(••')  =  /„«»«)  ® 
*-r  ^  “ 


The  primary  microscoinc  quantities  associated  with  a  typical  contact  or.  in  class  a  are 
shown  in  Fig.  1.  In  this  tigute,  '  is  the  interparticle  contact  force  and  is  the  branch 
lengtii.  Denying  the  average  of  these  quantities  by  ^  and  I*  ,  respectively,  the  Cauchy 
stress  is^en  tty 


£  <o^>  £  i 

«-i  ^ 


The  nominal  stress-rate  is  described  by  (see,  [1]  for  details) 

(5) 


3.  KINEMATICS 

Under  the  action  of  an  overall  applied  load,  the  flow  of  a  granular  mass  consisting  of 
rigid  granules  occurs  through  sliding  and  rolling  of  grains  over  each  other.  As  the  sample 
deforms,  the  distribution  of  unit  normals  changes  and  this  change  characterizes  a 
corresponding  change  of  the  fabric  or  microstructure.  The  overall  deformation  is  viewed  as 
a  suitable  average  of  the  local  deformations  associated  with  each  class  of  contacts.  Hence, 
denoting  by  /»,  (a  =l,...,Q),  the  components  of  the  velocity  gradient  associated  with  a 
typical  class  of  contacts,  a,  the  overall  velocity  gradient  is  written  as 

iy  =  </y>  -  (6) 


The  local  velocity  gradient  is  resolved  into  two  parts  as  follows: 

/y  =  I"  *  ir »  . 


(7) 


where  /*"  is  the  velocity  gradient  corresponding  to  the  fabric  change,  and  /**"  is  the 
velocity  gradient  stemming  from  the  relative  sliding  motion  of  the  grains,  which  leaves  the 
fabric  unchanged.  The  part  /“®  in  (7)  is  the  counterpart  of  the  slip-induced  velocity  gradient 
in  single  crystals,  and  the  part  V“  is  the  counterpart  of  that  associated  with  the  elastic  lattice 
distortion.  Note  that  since,  in  a  granular  material  which  is  modeled  by  rigid  granules,  no 
elastic  deformation  can  be  involved,  it  is  the  change  in  fabric  that  produces  the  change  in 
the  overall  stress. 
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4.  CONSmunVE  relations 


Constitutive  assumptions  are  made  at  the  local  level  for  the  time  rate  of  change  of  the 
average  contact  force  for  each  class,  and  for  the  evolution  of  the  distribution  density  function 
of  contact  normals.  These  relations  are  then  ured  in  conjunction  with  a  local  yield  criterion 
to  arrive  at  the  time  rate  of  change  of  local  nominal  stress;  see  [1]  for  details.  Using  this 
local  nominal  stress-rate  and  (S),  the  overall  constitutive  relation  is  obtained  in  the  form 

=  ,  (^) 

where  the  local  moduli  ,  i.e.,  those  associated  with  a  ^ical  class  a,  explicitly  depend 
on  the  fabric,  the  local  contact  force,  and  the  material  constants  [1]. 

Next,  we  have  to  make  assumptions  concerning  the  dependence  of  the  local  velocity 
gradieiit  on  the  microstructure.  In  self-consistent  theories  for  polycrystalline  materials 
[8]  and  in  our  earlier  work  on  granular  materials  [9],  a  fourth-rank  (concentration) 
tensor,  ,  is  introduced  which  depends  on  microstructure  and  which  relates  the  local 
velocity  gradient  in  a  typical  micro-element,  e.g.  a  single  crystal,  to  the  macroscopic  uniform 
velocity  gradioit  (see,  [9-10]  for  more  details).  This  concentration  tensor  must  then  be 
calculated  using  an  appropriate  model.  Iwakuma  and  Nemat-Nasser  [10]  use  a  fully  nonlinear 
self-consistent  model  proposed  by  Hill  [8,11],  and  actually  calculate  the  corresponding 
concentration  tensor  for  plane  problems.  It  can,  however,  be  shown  that  this  type  of  self- 
consistent  calculation  breaks  down  when  the  density  of  voids  or  cracks  is  suitably  large.  For 
the  granular  materials,  voids  are  connected  through  contact  zones  which  may  be  viewed  as 
cracks.  Hence,  the  application  of  the  self-consistent  method  is  problematic,  leading  to 
unrealistic  estimates  of  the  overall  instantaneous  moduli.  In  order  to  develop  the  simplest 
micromechanical  model  that  exhibits  the  basic  features  of  granular  materii  behavior,  a 
Taylor-averaging  method  is  adopted  in  [1],  i.e.,  it  is  assumed  as  a  first  approximation  that 
the  concentration  tensor  is  the  identity  tensor,  leading  to 

e=L  (9) 

With  assumption  (9),  (8)  now  reduces  to 
^ua^ik  » 

where  are  the  overall  moduli  defined  by 

a*l  ^ 

Denoting  the  spin  tensor  by  W,  the  Jaumann  rate  of  macroscopic  Cauchy  stress,  i.e., 

i;  ,  (12) 


and  the  rate  of  deformation,  ,  are  related  as  follows  [1]: 
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Equations  (13),  subject  to  the  stress  symmetry  constraint  and  with  the  overall  moduli  defined 
by  (1 1),  are  the  macroscopic  constitutive  relations  of  the  model. 

In  order  to  calculate  an  overall  quantity  from  the  corresponding  local  quantity  (e.g.,  the 
overall  moduli  from  (11)),  an  expression  for  the  distribution  density  function  of  the  contact 
normals  is  needed.  Since  the  number  of  contacts  in  each  class  is  strongly  influenced  by  the 
magnitude  of  the  contact  force  for  that  particular  class  as  well  as  by  the  local  volumetric 
change,  the  density  of  contacts  in  each  class  is  related  to  the  magnitude  of  the  corresponding 
contact  force  and  the  associated  volumetric  strain  rate  by  the  relation  [1] 

,  (14) 

M  a 


where  is  a  macroscopic  constant,  £  is  a  local  quantity  with  the  dimension  of  area,  and  /  is 
a  nondimensional  quantity  related  to  the  magnitude  of  the  contact  force  for  class  a,  i.e. ,  /“  , 
as  follows 


^  -(1/2)  rrE  * 


(15) 


Note  that,  for  ease  in  writing,  the  superscript  a  is  omitted  in  (14)  and  (15).  Employing  (14), 
the  average  of  any  local  quantity  can  be  found  in  the  manner  of  (3).  In  quantitative 
crystallography,  it  is  customary  to  expand  the  density  function  of  the  orientational  data  in 
a  series  of  generalized  spherical  harmonics.  In  works  on  granular  materials,  it  has  also 
become  customary  in  recent  years  to  describe  the  distribution  density  in  terms  of  "fabric 
tensors"  of  various  ranks  [12-14].  Note  that  here  and  in  [1],  to  characterize  the  fabric,  we 
have  made  a  constitutive  assumption  for  the  density  distribution  function  itself,  rather  than 
for  various  approximations  of  it  in  the  form  of  macroscopic  "fabric  tensors". 

Finally,  an  expression  for  the  evolution  of  the  coefficient  M{  is  assumed  in  [I].  This  is 
required  for  calculating  the  stress  and  stress-rate  from  (4)  and  (5),  respectively.  Recalling 
that  M  is  the  number  of  contacts  per  unit  volume  and  that  {  is  the  branch  length,  the 
quantity  Mi  with  the  dimension  of  (area)'*,  is  intimately  related  to  the  volumetric  strain  and 
strain  rate  represented  by  the  Jacobian  detG  and  by  trD  ,  respectively.  Hence,  it  is 
assumed  that 

A/«  =  ,  (16) 


where  n  is  a  negative  constant,  and  where 

t 

q=  j  trD  dt  =  (17) 

here  it*  it  ,  and  for  the  numerical  illustration  given  at  the  end  of  this  paper,  we  have 
used  t*  =  (l/2)(r +  /()).  An  equation  resembling  (16)  has  been  introduced  by  Jagota,  et  al. 
[5],  for  the  evolution  of  the  coordination  number,  in  connection  with  the  sintering  and 
compaction  of  powder  packings.  The  relation  (16)  follows  from  the  assumption  that  the  rate 
of  change  of  (M?)  per  its  own  unit  is  proportional  to  (detG)(frZ>)  ,  i.e.. 
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(MiyfiMt.)  =  n(dttG)(trD)  .  Upon  integration  over  the  time  increment  and  using  the 
value  of  detG  at  the  start  of  time  step  (i.e.,  retaining  only  linear  terms  in  U-fj,)  ),  we 
obtain  (16)  and  (17). 

Due  to  the  nonlinearity  of  the  rate  constitutive  equations,  the  response  must  be  computed 
by  an  incremental  procedure.  This  procedure  is  described  in  detail  in  [1],  where  local  and 
overall  constitutive  equations  are  cast  into  an  incremental  form  by  using  a  first-order 
approximation  of  the  local  yield  function. 

Owing  to  the  simplicity  of  the  local  rate  constitutive  equations,  an  analytical  integration 
is  possible  and  is  carried  out  in  [1],  whereby  explicit  relations  are  derived,  including  those 
for  the  contact  forces  and  contact  normals.  Hence,  using  these  relations,  the  overall  nominal 
stress  can  be  computed  in  two  alternative  ways,  either  using  the  analytical  integration 
procedure  or  the  incremental  procedure  described  in  the  previous  paragraph. 


5.  NUMERICAL  RESULTS  AND  DISCUSSIONS 

Numerical  calculations  corresponding  to  the  two-dimensional  behavior  of  the  model  under 
simple  dilating  shear  are  presented  in  this  section.  In  these  calculations  48  discrete 
orientations  are  used  between  0°  and  360°  to  define  48  classes  of  contacts,  two  cases  are 
considered.  In  case  (1),  the  initial  conditions  and  material  constants  are  chosen  so  that  the 
behavior  of  the  model  corresponds  to  that  of  loosely  packed  granular  materials;  while  for 
case  (2),  the  initial  conditions  and  constants  are  chosen  so  that  the  model  behavior 
corresponds  to  a  densely  packed  sample.  The  material  constants  and  initial  conditions  used 
in  the  two  cases  are  summarized  in  Table  1.  In  this  Table,  X*,  are  Lame-type  constants 
governing  the  rate  of  change  of  local  stress  (due  to  the  fabric  distortion);  and  an  are 
reference  stress  and  area,  respectively;  fi  is  the  interparticle  friction  coefficient;  f  is  the 
dilatancy  coefficient;  b  is  a  constant  that  governs  the  value  of  the  parameter  e  and  the 
volumetric  behavior  of  the  material  [1,  Eq.  (4.5)];  /3  and  n  which  appeared  first  in  (14)  and 
(16),  respectively,  strongly  affect  the  orientational  distribution  of  contact  normals  as  well  as 
the  total  number  of  contacts;  Cp  is  the  initial  value  of  a  defined  by  (14)2;  23°  is  the  initial 
confining  overall  stress  on  the  sample.  The  initial  orientational  distribution  of  contact 
normals  is  assumed  to  be  isotropic  for  both  cases.  As  shown  in  Table  I,  except  for  the 
constants  b  and  j8,  the  remaining  constants  have  been  chosen  to  be  identical  for  both  cases. 
Notice  that  the  chosen  values  of  b  and  /3,  in  the  two  cases,  differ  by  two  and  one  orders  of 
magnitude,  respectively.  The  model  behaves  like  densely  packed  materials  for  a  large 
absolute  value  of  b,  while  it  behaves  similarly  to  a  loosely  packed  material  for  a  relatively 
large  value  of  0. 

The  stress-strain  behavior  of  the  model  in  the  two  cases  are  depicted  in  Fig. 2  and  4, 
where  the  ratio  of  shearing  stress  to  the  mean  normal  stress  is  plotted  versus  the  magnitude 
of  the  shear  strain.  The  volumetric  strain  versus  shear  strain  is  plotted  in  Fig. 3  arid  5.  The 
data  points  indicate  the  beginning  of  an  increment  of  loading  in  shear  equal  to  0.001.  The 
stress-strain  and  volumetric  behavior  of  the  model  are  in  good  qualitative  agreement  with  the 
observed  behavior  of  granular  materials. 

The  orientational  distribution  of  contact  normals  at  increments  identified  on  the  plots  of 
Fig. 2-5  are  presented  in  Fig. 6.  Since  the  samples  are  assumed  to  be  initially  isotropic  the 
initial  distribution  of  normals  is  a  unit  circle  at  increment  0.  For  the  loose  sample,  as  the 
sample  is  sheared  (to  the  right),  the  fabric  immediately  adapts  itself  to  the  rotation  of  the 
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principal  stress  axes  so  that  there  are  more  contacts  along  the  maximum  compressive  stress 
(Fig.6,  Increments  5).  This  is  in  contrast  with  the  evolution  of  contacts  in  the  dense  sample 
where  a  gradual  reduction  of  contacts  leads  to  the  buckling  and  collapse  of  the  load-carrying 
columns  along  the  maximum  compressive  stress  direction  which  in  turn  leads  to  a  loss  of 
strength  or  softening  of  the  material. 


Table  1 

Material  constants  and  initial  conditions _ 

Dense  Loose 


^‘IPn 

200.0 

200.0 

P 

0.40 

f 

0.36 

b 

-100.0 

& 

0.01 

n 

-10.0 

0.048 

10.0 

^Vp, 

-2.0  0.0 

0.0  -4.0 

200.0 

200.0 

0.40 

0.36 

-1.0 

0.1 

-10.0 

0.048 

10.0 

-1.0  0.0 

0.0  -1.0 
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Figure  1 .  A  typical  contact  a  in  class  a;  m"  is  the  common 
unit  normal  for  all  contacts  in  class  a;  f  ‘  is  the 
interparticle  contact  force;  is  the  branch  length. 
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Figure  2.  Predicted  stress-strain  response 
for  a  loosely  packed  sample. 


Shear  Strain 


Figure  4.  Predicted  stress-strain  response 
for  a  densely  packed  sample. 
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Figure  3.  Predicted  volumetric  behavior 
for  a  loosely  packed  sample. 


Figure  5.  Predicted  volumetric  behavior 
for  a  densely  packed  sample. 


Figure  6 
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Abstract 

A  basic  framework  is  proposed  for  the  systematic  micromechanically-based  constitutive 
modeling  of  the  flow  of  granular  materials,  over  a  broad  range  of  strain  rates,  from  quasi¬ 
static  to  high  strain  rates.  Frictional  effects,  pressure  sensitivity,  and  coupling  between  shear¬ 
ing  and  volumetric  strain  are  included.  Stress-induced  anisotropy  in  elastic  and  inelastic 
instantaneous  material  response  is  incoporated.  The  model  is  flexible  enough  to  account  for 
both  rate-independent  and  rate-dependent  frictional  sliding  and  rolling  of  the  grains.  For  illus¬ 
tration,  typical  results  for  biaxial  and  simple  shearing  of  granular  materials  with  various  void 
ratios  are  calculated  in  monotonic,  as  well  as  cyclic  loading,  and  they  are  shown  to  accurately 
correspond  to  actual  observations. 


1.  INTRODUCTION 

The  resistance  of  a  granular  mass  to  plastic  flow  is  strongly  influenced  by  the 
corresponding  interparticle  friction  and  the  void  ratio.  In  addition,  existing  experimental 
results  suggest  that  the  fabric  structure  and  its  changes  play  an  imponant  role  in  the  mechani¬ 
cal  behavior  of  granular  materials.  As  an  implicit  measure  of  the  granular  fabric,  the  statistical 
distribution  of  contact  normals  is  widely  used.  In  a  virgin  sample,  the  distribution  may  be 
isotropic.  However,  during  a  course  of  shearing,  the  distribution  of  contact  normals  may 
develop  a  strong  bias,  leading  to  a  strong  anisotropy. 

A  number  of  experiments  has  been  conducted  using  photoelastic  cylindrical  granules  to 
study  the  variation  of  the  distribution  of  the  contact  normals,  in  a  course  of  deformation;  see 
Konishi  et  al.  (1982),  Oda  et  al.  (1985),  and  Subhash  et  al.  (1991).  In  these  experiments,  it 
has  been  observed  that  the  distribution  of  the  contact  normals  changes  in  such  a  manner  as  to 
produce  a  greater  concentration  of  contact  normals  along  an  orientation  which  parallels  the 
direction  of  the  maximum  principal  compressive  stress. 

During  the  course  of  granular  flow,  on  a  microscale,  grains  override  each  other,  resulting 
in  sliding  on  planes  which  pass  through  active  contact  points.  We  denote  by  v  the  angle  that 
the  microscopic  plane  of  motion  at  a  typical  contact  point  makes  with  the  macroscopic  shear¬ 
ing  direction.  If  the  angle  v  is  positive  as  in  Fig.  la,  then  the  normal  force  transmitted  to  the 


granules  tends  to  hinder  their  sliding  and  rolling  motion,  resulting  in  ^  increase  in  the 
effective  resistance  to  the  macroscopic  shearing.  On  the  other  hand,  if  the  angle  v  is  negative 
as  in  Fig.  lb,  the  motion  of  the  granules  is  assisted  by  the  normal  force,  and  hence,  the 
effective  resistance  to  macroscopic  shearing  is  reduced.  When  sliding  occurs,  the  motion  of 
the  granules  with  positive  angles  of  dilatancy  tends  to  contribute  to  the  overall  dilatancy, 
whereas  the  granules  with  negative  angles  of  dilatancy  tend  to  produce  densiheadon. 


Figure  1.  Active  contacts  with  (a)  positive  angle  of  dilatancy  (b)  negative  angle  of  dilatancy. 

During  the  course  of  deformation,  more  and  more  contacts  with  positive  dilatancy  angles, 
V,  are  formed,  while  contacts  with  negative  v  are  continually  lost.  This  process  tends  to 
increase  the  resistance  to  continued  loading  and  decrease  the  material  resistance  in  unloading 
and  reverse  loading.  In  this  manner,  the  potential  for  dilatancy  in  continued  loading,  and  for 
densiheation  in  unloading  and  reverse  loading,  is  increased. 

In  addition  to  the  resistance  due  to  interparticle  friction  and  the  fabric,  the  confining 
pressure  affects  the  material  resistance  to  flow.  This  is  an  isotropic  effect,  depending  on  the 
density  of  the  granular  mass.  This  resistance  increases  with  the  density  of  the  granular  mass. 

We  consider  the  planar  dcfoimationt  of  granular  materials  in  the  j:i,x 2-plane.  Based  on 
the  above  observation,  we  write  the  sliding  criterion,  a  variant  of  Coulomb’s  criterion,  for 
granular  flow  in  a  direction  s,  in  a  plane  with  unit  normal  m,  as  follows: 

/ 1  H  +  a„  tan(})f  -  p  tan(tt2  ^  0 ,  for  loading  , 

f  2  =  tan(f)f  -  p  tan(t)2  ^  0 ,  for  unloading  ,  (1) 

where  and  a„  are  the  shear  and  normal  stresses  on  the  sliding  planes,  given  by 

x„=<y:(m®s),  0„=a:(m®m),  p  =-tr{o)/2,  (2) 

with  the  usual  sign  convention  of  continuum  mechanics  in  which  tensile  stress  components  are 
positive.  Here  dyadic  notation  is  used  and  :  denotes  a  double  contraction,  e.g., 
a:(m®s)  s  OijmiSj ,  with  ct  denoting  the  Cauchy  stress  with  rectangular  Cartesian 

t  Planar  deformation  corresponds  to  two-dimensional  flow  of  cylindrical  granules. 
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components,  a^j,  and  repeated  indices  are  summed. 

In  the  sliding  criterion  (1),  the  angles,  (}>f  and  (J)/'  ,  represent  the  effective  frictional 
resistance  to  sliding  by  the  interparticle  friction  as  well  as  the  fabric  structure,  while  the  angle 
<j>2  represents  the  resistance  due  to  the  isotropic  interaction  of  particles.  The  angle  <)>f  is  for 
continued  loading,  whereas  (j)/'  corresponds  to  unloading  and  reverse  loading.  Based  on  com¬ 
ments  made  at  the  beginning  of  this  section,  the  angle  (}>f  is  always  positive  and  greater  than 
the  angle  which  may  be  either  positive  or  negative,  depending  on  the  local  granular 
fabric,  where  a  negative  value  corresponds  to  the  collapse  of  voids  upon  unloading  and  load 
reversal.  This  has  been  observed  in  photoelastic  experiments  as  well  as  in  numerical  model¬ 
ling,  and  is  an  important  ingredient  of  the  present  theory.  The  energy  equation  then  ensures 
that  the  process  is  in  fact  dissipative. 

The  resistance  to  flow  due  to  the  interaction  of  particles,  increases  as  the  material 
densifies  and  decreases  when  the  material  dilates.  Hence,  the  angle  ^  varies  with  the  void 
ratio. 


Figure  2.  Sliding  planes  in  loading  and  unloading. 

Sliding  takes  place  on  planes  where  /,  given  by  (1),  is  maximum  and  non-negative.  There 
are  two  planes  on  which  /  attains  maximum  values.  These  planes  are  symmetrical  about,  and 
make  angles  of  7C/4+(})f/2  (0f,  02 -planes  for  loading)  and  7c/4-(|)i'^/2  (0f,  02 -planes  for 
unloading),  with  the  direction  of  the  greater  principal  stress,  a/;  see  Fig.  2.  Therefore,  the 
sliding  criterion,  (1),  can  be  expressed  in  terms  of  pressure,  p,  and  the  effective  shear  stress, 
^ ,  in  the  form, 

-M^p  <M^p,  q  =  ,  (3) 

Af  ^  =  sin((j)f  +  (})2)/cos(j)2 ,  =  sin((j)j‘' +  (j)2)/cos(l)2.  (4) 

Denote  by  5  the  angle  that  the  effective  microscopic  plane  of  motion  makes  with  the 
corresponding  sliding  plane.  From  the  energy  equation  for  the  frictional  loss  on  the  effective 
microscopic  plane  of  motion,  the  angle  of  dilaiancy,  5,  is  related  to  the  microscopic,  <j)j^,  and 
macroscopic  ((|)f,  (j)f ,  and  4)2),  angles  of  friction  by  (see  Nemat-Nasser,  1980), 


for  loading, 
for  unloading. 


(5) 


5  rr  +  ^2  *" 

5  =  +  4^2  ” 


2.  CONSTITUTIVE  EQUATIONS 

We  seek  to  obtain  the  phenomenological  constitutive  relations  implied  by  the  double- 
sliding  theory,  in  line  with  the  flow  mechanism  discussed  in  Section  1.  To  this  end,  we 
assume  that  the  kinematics  of  the  instantaneous  granular  flow  is  expressed  by  the  velocity  gra¬ 
dient  L  -dv/dx,  consisting  of  a  symmetric  part  D,  the  deformation  rate  tensor,  and  an 
antisymmetric  part  W,  the  spin  tensor.  Each  of  these  rates  are  separated  into  elastic  and  plas¬ 
tic  parts  as  follows: 

D  =  D*-hDP,  W  =  W*+W^,  (6) 

where  superscript  p  denotes  the  plastic  part  which  is  due  to  the  shearing  along  the  sliding 
directions,  and  the  superscript  *  denotes  the  elastic  part;  note  that  W*  also  includes  the  rigid 
spin. 


Figure  3.  The  unit  vectors  in  the  direction  and  normal  to  the  direction  of  sliding 

In  plane  flow,  there  are  two  preferred  sliding  lines,  symmetrically  situated  about  the  prin¬ 
cipal  stress  directions.  The  first,  the  Si-line,  makes  an  angle  0i  =  \|r  -  7t/4  T  4»i/2,  and  the 
second,  the  62-line,  makes  an  angle  62  =  y  +  Ji/4  ±  (j)i/2,  with  the  positive  Xj-axis.  Here  and 
in  the  sequel,  both  loading  and  unloading  are  considered  together,  superscripts  L  and  U  are 
omitted,  and  the  symbols  ±  and  T  are  used  where  necessary,  with  the  upper  and  lower  signs 
corresponding  to  the  loading  and  unloading,  respectively.  Assuming  that  the  plastic  deforma¬ 
tion  is  due  to  the  shearing  on  the  sliding  lines,  and  denoting  die  rate  of  shearing  on  the  0„- 
sliding  system  by  7  (a  =  1,2),  we  write  the  plastic  part  of  the  velocity  gradient  as 


(a  sunsKtdX 


m 


iy'=±i^p“  w?=±A° 

p®  =  ±  irf^0m®iaaS, 

r®  =  4(s°^®-mW)-  (8) 

Here,  and  m®  are  anil  vectois  in  die  ^xecdon  and  nonnal  lo  die  <Sreaioo  of  of  die 
a-sliding  system,  and  the  angle  ^  is  die  onentadoo  the  snoBest  (oompieswfo)  pcinc^al 
stress  diiecdon  with  the  X|-axis  (see  Hg.  3). 

In  the  present  model,  it  is  assumed  that  die  £dxic  is  not  a£Bu:tsd  by  die  plastic  siisanng 
defoimation  al(»g  the  active  sliding  planes,  and  dial  oafy  die  dasdc  pan  of  die  vdoanr  gm- 
dient.  L*  =  D*  +  W*.  is  ie^x»sible  for  the  change  in  fdxic,  ^ving  rise  to  stress  <±aDgeSu 
To  describe  the  local  elasdc  response,  we  a»rider  the  objective  Jaamami  rate  of  stress; 

5=a-Wa+oW. 

and  relate  it  to  the  elastic  defonnaiion  rate  by 

5=C:D’ =C:(D-iy’).  (9) 

where  C  is  the  instantaneous  elasticity  tensm:  Funber.  based  on  die  experimesial  observa¬ 
tions  that  the  fabric  (defined  by  the  distribudtm  of  contact  normals)  rotates  with  die  jHincqial 
stress  directions,  we  assume. 

^12  =  ~  V  =  (o'  11^12  —  .  (10) 

Denoting  the  unit  deviatoric  stress  tensor  pi.  and  in  view  of  (10).  the  plasdc  pan  of  die 
velocity  gradient,  ly*.  can  be  rewritten  in  the  form, 

D£l=±iB, 

D'/"=Tai±;Ji-  |i  =  -2^  sin»i-8) 

V2  COS5  ■ 


cos(4»j  -5) 


B  =± 


cos(<Jii-5)  ’ 


where  a  is  the  noncoaxiality  coefficient,  characterizing  the  deviation  of  the  plastic  strain  rate 
orientation  from  the  orientation  of  the  stress  deviaior,  £  is  the  dilatancy  parameter,  and  y  is 
the  effective  inelastic  strain  rate. 

The  elastic  response  of  a  granular  mass,  in  general,  is  anisotropic  when  the  stress  state  is 
anisotropic.  Many  authors,  however,  have  used  isotropy  to  simplify  the  corresponding  results. 
If  the  elasticity  is  assumed  to  be  isotropic,  (see  Balendian  and  Nemat-Nasscr  (1991)  for  a  dis¬ 
cussion  of  the  general  case),  with  bulk  modulus,  and  shear  modulus,  G,  then  the  constitu¬ 
tive  equations  reduce  to 

'  »  * 

5'  =  2G  D' ±  p(l  -  p0p):D'  T y-^  .  p  =  .  (12) 

v2  q  TGa 

•  J  * 

For  rate-independent  sliding,  the  average  slip  rate,  y,  is  related  to  the  deformation  rate 
through  the  rate  form  of  the  sliding  criterion  as. 
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03) 


7= H  (±  ^iijr  ^  jr  Oifc). 

h=^. 

«#y 

Tbt  iasaemafk  is  Seaiife  esm^  so  apaoccfa  far  lase-depeadens  sii^f:  wiH  be  dis- 

opwrt  discmbese;  Baksism  sM  Nbsm-Nssser  (1991X 

Eqoadocs  (12)  oosie^poad  lo  i!ie  csaal  J^^Sasodsy,  except  for  two  voy  auponaot 
dSfiBaeaceSu  Fast,  dbeze  is  z  dsezaisg^odoced  ^hnocy  or  deasificatioo  embedded  in  (X2)  by 
die  diiaianqr  puamefo-  B,  and  second,  tne  lenn  associated  widi  ^  in  {12)  tenders  die  jdasde 
stain  me  noncoaxial  widi  die  stress  deviasoc.  As  has  been  pointed  out  by  many  authors  ( 
Spacer,  1964, 1982;  Rodmeti  and  Rke,  1975;  hfehrabaefi  and  Cbwin,  1978;  Nemat-Nasser  et 
oL,  1981;  and  Neinat-?£asser,  1983),  das  is  dne  to  the  pcesence  of  fiktion  and  is  lemoved 
only  if  ^  —  S,  when  the  finedon  coefikaent  is  eqpai  to  the  rfilatancy  angle.  This,  however, 
cannot,  in  general,  be  cce. 


3.  HARDENING  AND  SOFTEMNG 


CoBsada  now  die  evolodon  of  the  effeedve  firicdonal  resistance  in  loatfing  and  in  unload' 
ing.  b  is  convenient  to  write  die  evoloikm  eqoamms  in  terms  of  the  fiicdonal  coefficients 
d^ned  by, 

Up' s  tan^-^ ,  P2  =  04) 


We  coadder  a  very  dmple  nxidel  where  the  rate  of  diange  of  the  effective  firicdonal  resis¬ 
tance  due  to  fabric,  with  respect  to  the  rate  of  shearing,  is  linearly  related  to  its  deviadon  from 
the  maximum  saturadon  value,  ii,  =  tan^i,.  We  also  assume  that  the  resistance  to  inelastic 
shearing  due  to  pressure  becomes  very  large  as  the  void  ratio  reaches  its  smallest  value; 
Nemai-Nasser  and  Shokooh  (1979),  In  this  manner,  we  write  the  evolution  equations  for  the 
frictional  resistances  as  follows: 


li2  =  tan((})|i-$,)  +  a 


dll? 


— ! - , 

ie-e„r  J 

for  cotmnmd  loading,  i.e.,  q  -M^p  >0, 
for  reverse  loading,  i.e.,  q  ■¥M^p  <0, 


(15) 


(16) 


where  e  is  the  void  ratio,  e^  is  the  critical  void  ratio,  and  e„  is  the  minimum  void  ratio.  We 
further  assume  that  both  sliding  conditions  are  always  met,  both  in  loading  and  in  unloading. 
This  results  in. 


q  =M^p  =-M^p  ,  <})f +  4)/'  =  -2(|)2.  (17) 

This  assumption  also  implies  that  when  a  granular  mass  (in  present  illustration)  is  subjected  to 
only  hydrostatic  stress,  the  microstiucture  is  isotropic  and  the  macroscopic  angles  of  friction 
are  related  to  the  void  ratio  by, 

4»i'  =  4»f  =-4»2  =  ian-kli2(«)).  (18) 
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4.  EXAMPLES 


We  now  ooosider  several  Olussaove  examples  in  order  to  bring  out  the  features  embed¬ 
ded  in  our  general  consiituiive  relations.  We  start  with  a  hydrostatic  state  of  stress  and  set  die 
intdal  values  of  the  angles  of  fiiccon  from  (18)  for  the  given  void  taiic  of  the  sample,  hi  all 
exari^les,  we  use  G  =  lOOpf^  K  =  20Qpo.  0=5,  h  =  20,  n  =  5,  40®,  =  15®, 

—  02^  and  =  0.6,  where  pq  is  the  initial  pressure. 

We  ccnader  die  ^licanon  of  die  prt^iosed  rnodsH  to  siir^le  shearing  of  a  granular 
material  at  crmstant  confining  pressure,  (an  =  ^  =  0,  Ljj  =  L21  =  0),  and  biaxial  shearing 
of  a  granular  material  at  constant  lateral  stress,  (dn  =  0,  =^21  =  0).  The  results  of  these 

smnladons  are  given  in  the  form  (d  reiadmis  between  the  stress  rado,  {Oyjp  in  simple  shear 
and  0'11/p  in  tnaxial  ocnqnessioa),  void  ratio,  e,  and  shear  strain  (Fj2/2  in  single  shear  and 
(Fn  -  F2^%  in  tnaxial  compression)  where  F  is  the  deformation  gradienL  In  Fig.4.  the 
results  finim  die  amulatitHi  of  monotonic  shearing  are  given.  They  correlate  very  well  with  the 
frdlowing  experimentally  observed  phenomena: 

(1)  There  is  always  an  initial  densificadon,  the  magnitude  of  which  decreases  as  the  initial 
void  rado  approaches  its  minimum  value. 

(2)  If  the  san^le  is  dense,  dim  the  initial  densificadon  is  followed  by  dilatancy  which  con¬ 
tinues  until  a  oidcal  void  rado  is  attained  asymptodcally.  The  stress  rado  increases 
monoionically  in  densificadon  and  reaches  its  peak  value  during  dilatancy  and  then 
asymptodcally  drops  to  a  cridcal  value  as  the  cridcal  void  rado  is  reached. 

(3)  If  the  sample  is  loose,  it  densifies  continually  undl  the  cridcal  void  rado  is  reached 
asymptotically.  The  stress  rado  increases  monotonically  and  asymptodcally  reaches  a 
cridcal  value. 

The  results  from  the  simuladon  for  five  cycles  of  shearing  deformadon  arc  given  in 
Rg  J.  They  show: 

(1)  When  the  shearing  is  reversed,  the  material  tends  to  densify,  resulting  in  a  net 
densificadon  at  the  completion  reversed  shearing. 

(2)  If  the  shearing  is  continued  in  the  opposite  direction,  the  sample  tends  to  dilate. 

(3)  Upon  completion  of  each  cycle  of  defoi  .nation,  there  is  a  net  densification. 

(4)  The  amount  of  net  densification  per  cycle  decreases  with  the  number  of  cycles. 

5.  CONCLUSION 

A  physically-based  elasioplastic  constitutive  model  is  presented  for  dilatant,  pressure- 
sensitive,  workhardening  materials.  The  model  is  applied  to  simple  shearing  and  biaxial  defor¬ 
mation  of  granular  materials,  both  in  monotonic  and  in  cyclic  deformation,  and  it  has  been 
shown  to  predict  ail  the  basic  features  of  the  shear  deformation  of  granular  materials. 
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VOID  ^TIO  (e)  STRESS  RATIO 


(c) 

Fig.  4,  Relation  between  stress  ratio,  volumetric 
(a),  (c)  in  simple  shearing;  (b).  (d)  in  biaxial  del 


STRESS 


SHEAR  STRAIN  ((F„-F22)/2)  * 
(b) 


(d) 


strain  and  siiear  strain  in  monotonic  shearing: 


Fig.  5.  RelaUon  between  stress  raUo.  volumetric  strain  and  shear  strain  in  cyclic  shearing:  (a) 
(c)  ui  simple  shearing;  (b),  (d)  in  biaxial  deformation. 
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ABSTRACT 

The  results  of  a  systematic  study  of  energy  dissipation  in  cohesionless  granular 
media  are  presented.  First,  the  relation  between  the  excess  pore  water  pressure,  accu¬ 
mulated  in  a  water-saturated  granular  mass,  and  the  corresponding  external  work  in 
cyclic  loading  is  studied  experimentally.  Second,  a  micromechanical  model  of  internal 
energy  dissipation  due  to  slip  between  contacting  granules  is  introduced,  and  the 
results  are  compared  with  experimental  measurements. 

A  series  of  undrained  experiments  is  carried  out  using  water-saturated  large  hol¬ 
low  cylindrical  specimens.  Most  experiments  are  performed  under  displacement- 
controlled  conditions.  The  imposed  cyclic  angular  displacement  which  produces  the 
applied  shear  strain,  has  a  triangular  time  variation  with  constant  strain  rate  over  each 
quarter  cycle.  The  specimens  are  subjected  to  two  sequences  of  loading  in  order  to 
simulate  the  reliquefaction  phenomenon.  External  work  per  unit  volume  is  calculated 
from  the  experimental  results,  and  its  correlation  with  the  excess  pore  water  pressure  is 
examined.  In  the  first  loading,  a  unique  nonlinear  relation  is  observed  to  exist  between 
the  excess  pore  water  pressure  and  the  external  work  per  unit  volume.  This  relation  is 
found  to  be  independent  of  the  shear  strain  amplitude.  In  the  second  loading,  however, 
this  relation  is  a  function  of  strain  amplitude.  The  cyclic  shear  strength  is  seen  to  have 
increased  in  the  second  loading,  because  of  the  strain  history  of  the  first  loading. 

External  work  supplied  to  cohesionless  granular  media  is  mainly  consumed  by  the 
frictional  slip  between  contacting  granules.  A  micromechanical  model  is  developed  and 
validated  by  the  experimental  results.  It  is  shown  that  the  internal  dissipation  per  unit 
volume  in  cohesionless  granular  media,  can  be  expressed  in  terms  of  the  time-history 
of  the  applied  effective  pressure  and  a  single  scalar  parameter  which  depends  on  the 
density  and  strain  amplitude.  The  model  is  further  validated  by  torsion  tests  with  ran¬ 
dom  variation  in  the  applied  strain  amplitude.  ITie  theoretical  predictions  are  in  excel¬ 
lent  agreement  with  the  experimental  results. 
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Liquefaction  is  a  complex  phenomenon  in  which  iluid-saturated  granular  media 
may  momentarily  behave  like  fluids.  It  is  an  important  aspect  of  earthquake-resistant 
foundation  design  of  many  structures,  especially  those  located  in  coastal  areas,  which 
are  often  built  on  sand  with  high  underground  water  levels.  As  liquefaction  takes 
place  under  seismic  loading,  saturated  sand  behaves  more  like  a  fluid,  and  therefore 
fails  to  support  the  applied  loads  of  the  building.  Severe  damage  to  the  structure  is 
often  the  result.  Damage  resulting  from  liquefaction  has  been  observed  in  the  after- 
math  of  many  earthquakes;  the  Loma  Prieta  earthquake  (1989),  the  Niigata  earthquake 
(1964),  and  the  Alaska  earthquake  (1964)  are  a  few  examples. 

The  mechanism  of  liquefaction  is  closely  related  to  the  dilatancy  of  granular 
media.  Dilatancy  was  first  studied  by  Reynolds  (1885).  It  is  defined  as  the  rate  of 
volume  expansion  in  granular  media  per  unit  rate  of  shearing.  The  granules  are  rear¬ 
ranged  during  shear  deformation,  and  this  results  in  a  change  in  the  total  volume.  If 
the  granular  medium  (e.g.  sand)  is  water  saturated,  a  tendency  toward  densification 
(negative  dilatancy)  results  in  an  increase  in  pore  water  pressure  and  hence  a  decrease 
in  the  corresponding  frictional  resistance  of  the  contacting  granules.  Consider  a  sam¬ 
ple  of  sand  which  is  saturated  with  water  while  contained  in  a  flexible  rubber  mem¬ 
brane,  and  is  subjected  to  a  hydrostatic  pressure  denoted  by  P^.  Static  equilibrium 
requires  that  the  total  internal  pressure  be  Po.  The  inicmal  pressure  may  be  divided 
into  two  separate  parts:  pore  water  pressure  Pi  which  is  carried  by  the  water,  and  the 
effective  pressure  P  which  is  carried  by  the  sand  as  contact  stresses  at  granule/granule 
and  granule/boundary  interfaces.  Upon  externally  applied  cyclic  shearing,  the  granules 
are  rearranged,  resulting  in  a  tendency  towards  a  decrease  in  the  water  volume.  This 
results  in  an  increase  in  the  pore  water  pressure,  P,  ,  and  a  corresponding  decrease  in 
the  effective  pressure,  P.  In  continued  cyclic  shearing,  the  pore  water  pressure  at  the 
termination  of  each  cycle  increases  until  it  reaches  a  value  close  to  the  applied  hydros- 
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tatic  pressure,  P<,.  When  this  occurs,  the  contact  resistance  of  the  granules  is  essen¬ 
tially  negligible,  leading  to  loss  of  load-bearing  capacity  of  the  sand  mass.  The  sample 
then  ceases  to  behave  like  a  solid  body.  This  is  what  is  meant  by  liquefaction,  in  the 
present  paper,  see  Casagrande  (1975)  and  Seed  (1979). 

Liquefaction  has  been  experimentally  treated  extensively  by  a  number  of 
researchers;  see,  for  example.  Silver  and  Seed  (1971),  Castro  (1975),  and  Ishihara  and 
Yasuda  (1975).  Parameters  influencing  the  onset  of  liquefaction  of  the  sand  within  a 
control  volume  are  identified  and  measured.  These  parameters  typically  include 
overall  density,  initial  packing  conditions,  and  granule  size  distribution;  see  Seed 
(1979),  Miura  and  Told  (1982),  and  Tatsuoka  et  al  (1982).  In  addition  to  these  inter¬ 
nal  characteristics,  the  applied  loading  also  affects  the  onset  and  nature  of  liquefaction; 
see  Ishihara  and  Tc  whata  (1983,  1985),  and  Symes  et  al.  (1984). 

Previous  work  has,  in  general,  studied  liquefaction  from  the  experimental  point  of 
view.  Theoretical  work  has  focused  more  on  phenomenological  considerations  of  this 
topic  rather  than  a  micromechanical  approach.  A  unified  energy  model  for  densification 
and  liquefaction  of  cohesionless  sand  was  proposed  by  Nemat-Nasser  and  Shokooh 
(1979)  who  compared  its  prediction  with  experimental  results  of  Peacock  and  Seed 
(1968),  Youd  (1970,  1972),  and  DeAlba  et  al  (1976),  and  obtained  excellent  agree¬ 
ments. 

The  present  work  correlates  the  results  of  an  experimental  program  with  a 
theoretical  model  based  on  micromechanics  and  energy  principles.  Models  of  this  kind 
seek  to  relate  the  overall  response  of  granular  materials  to  the  response  of  their  micro- 
coiistituents  Examples  of  micromechanical  analyses  of  densification  and  liquefaction 
phenomena,  which  are  also  coordinated  with  experiments,  are  Nemat-Nasser  (1980), 
Nemat-Nasser  and  Tobita  (1982),  and  Nemat-Nasser  and  Takahashi  (1984). 
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2.  EXPERIMENTAL  SETUP 

2.1  Motivatkxi  and  Bad^roond 

Cdiesi(H]less  granular  maioiais  suppost  gsjseral  exiana!  l^ads  litriDU^  conracs 
friction.  An  oqKiiniratal  program  must  iiK:Iade  conqnessioQ  and  siseaiing  of  ve^so&tsr 
cible  sanq)les  in  a  fully  ccmtrolled  manner  with  reliable  data.  The  study  grafiular 
mararial  behavior  tequiies  conqilex  experimental  fscilities,  with  a  closed-loop  feedback 
^stem  to  control  the  experiment  and  to  monitor  the  ^)ecimm  defosmanmL  The  ^>eci- 
men  geometry  used  for  the  present  invesdgaiimi  is  a  large  hollow  eyfirakr,  25cm  tn^ 
with  inner  and  outer  diameters  of  20cm  and  25cm,  respeciivciy.  This  getHnetiy  is  sturh 
that  in  torsion,  the  shear  stress  remains  (approximately)  homogeneous  dnou^out  the 
thickiicss  of  the  specimen;  see  Hight  et  al.  (1983)  for  a  detailed  examirfation  of  this 
and  related  issues  The  specimen  is  supported  by  a  triaxial  load  fraiiic;  sec  Rgure  1. 
The  axial  and  torsional  deformations  are  conuolled  through  an  MTS  servohydraulic 
loading  system.  In  addition,  the  specimen  is  subjected  !o  lateral  hydrostatic  pressure, 
on  both  its  inside  and  outside  cylindrical  surface.  In  this  manner,  triaxial  states  of 
stress  can  be  imposed  on  the  material  under  controlled  condirioas  with  complete  data 
acquisition  capability.  This  load  frame  to  our  knowledge  is  one  of  four  that  have  been 
constructed  to  date.  Our  load  frame  is  fully  computer-controlled,  where  either  the 
stress-  or  the  strain-path  can  be  preprogramed  with  mode  switching  capabilities. 


2.2  Specimen  Preparation  and  Installation 

The  granular  material  chosen  for  this  study  is  Silica  60  manufactured  by  U.S.  Sil¬ 
ica.  This  sand  is  chosen  for  its  fine  particle  size.  This  is  necessary  in  order  to  avoid 
membrane  penetration  phenomena  that  would  otherwise  invalidate  the  test  results.  The 
particle  size  distribution  is  shown  in  Figure  2.  The  mean  particle  diameter  is  220u/n 
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afgftji  #ie  EEC  SHd  is  2.6$5.  DepaasSag  oeb  fiacfeg  cosaSiiosEs; 

rftffiirynijr  VO^  yaa^  2;e  O&CSlaied;  VOsd  2^0  is  2S  Qua  oi  ^!IS  vo^  voiiQiie 

2ad  i&e  <agwl  vy^QTQc.  For  SiEca  6(1,  &£  mltnmmn  23d  maxisraim  void  laiios  aic  0,631 
aod  1j095,  Eespecav^".  ilitsse  sze  iiaeasgged  dse  JSSMFE  onedsod;  Garmninge  of 
JSSMFE  oo  duo  Tess  IMedaod  (^Rdam'C  Dea^'  of  Ssrid  il979). 

Special  fixtures  are  used  to  pgqme  bdSow  t^iiodrical  sand  specimens.  These 
fixtures  indsde  mner  and  outer  molds  to  wMch  rubber  membsanes  are  attached.  The 
sand  is  tmriaTly  siq^XKEed  on  dae  bosom  by  a  ting  of  porous  metal  widi  six  evenly 
placed  fins,  called  the  pedestal,  drat  in  combinarimi  with  a  mating  vop  ring,  called  the 
c^,  aj^lies  the  torsional  krad  to  the  :^>ecimerL  The  inner  mold  with  attached  rubber 
membiaite  is  ^town  in  Figure  3.  The  pedestal  (with  associated  fins)  is  attached  to  the 
bottom  snppon  plate.  The  <Hiier  membrane  is  dten  ^d  over  the  inner  membrane  aitd 
fixed  to  dic  pedestal  with  o-iings.  The  outer  mold  is  bolted  in  place  and  the  top  of  the 
outer  membrane  is  draped  over  the  outer  mold  and  held  in  place  by  o-rings.  A  separate 
fixture  is  installed  on  top  of  the  outer  mold  (Figure  4)  to  prevent  sand  spillage  on  the 
rest  of  die  triaxial  load  frame.  This  fixture  also  allows  for  an  overfill  amount  of  sand 
so  that  a  desired  packing  condition  can  be  obtained.  The  excess  sand  is  removed  later. 
The  mbs  extending  from  the  outer  mold  in  Figure  4  is  used  to  create  a  vacuum 
between  the  outer  mold  and  outer  membrane,  thereby  holding  it  securely  in  place. 

It  is  well  known  that  the  initial  packing  condition  of  the  sand  has  a  noticeable 
effect  upon  the  material  response  of  the  specimen;  see  Anhur  and  Menzies  (1972), 
Oda  (1972),  and  Miura  and  Toki  (1982).  The  specimen  preparation  method  must 
therefore  achieve  a  consistent  initial  packing  condition  so  that  experiments  are  repeat- 
able.  To  this  end,  a  technique  has  been  adopted  in  the  soils  community  that  is  known 
as  the  rodding  method.  This  method  consists  of  pouring  an  approximately  2cm  deep 
layer  of  sand  into  the  mold  and  then  insening  a  rod  into  the  latest  layer  approximately 
1-1. 5cm  deep.  The  rod  is  moved  around  the  circumference  of  the  sand  in  an  up-and- 
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down  motHKi  far  2-3  levolimoos.  This  procedme  is  continusd  until  the  nx)ld  is  filled. 
We  have  used  10  l^eis  to  obtain  loose  packing  conditions  and  14  layers  for  dense 
paddng  conditions.  Eiqienments  peifonned  with  loose  condititMis  use  the  sand  in  a  wet 
fonn.  Here  the  sand  has  beat  air  dried  and  then  mixed  with  8  weight  percent  water 
brfoie  pouring  in  die  mold.  The  water  is  needed  to  prevent  non-homogeneous  initial 
paddng  condidmis  in  the  loose  form.  The  void  ratio  for  this  condition  varies  between 
0.865  and  0.874  .  Eiqieriments  performed  with  dense  conditions  use  only  air-dried 
sand  with  the  void  ratio  varying  between  0.708  and  0.725  . 

The  fixture  that  was  attached  to  the  top  of  the  outer  mold  is  then  removed  and  the 
amount  of  overfilled  sand  is  ’cut’  away.  The  cap  is  installed  next;  it  consists  of  the 
same  porous  metal  as  the  pedestal  and  also  has  six  fins.  A  second  vacuum  ^'stem  is 
connected  to  die  cap  and  pedestal.  The  purpose  of  this  vacuum  system  is  to  make  the 
specimen  rigd  under  atmospheric  pressure.  The  vacuum  level  is  maintained  at 
29 AkNim\  The  first  vacuum  system  that  keeps  the  outer  membrane  affixed  to  the  outer 
mold  is  then  released.  Th''  outer  mold  is  then  removed,  followed  by  the  inner  mold.  A 
torque  load  cell  unit  is  first  bolted  onto  the  ram  of  the  triaxial  load  fiame  (Figure  1), 
and  then  bolted  onto  the  cap.  Next,  a  potentiometer  is  attached  to  the  load  frame  (Rg- 
ure  5).  The  potentiometer  measures  the  twist  angle  during  the  experiment.  A  plexiglass 
chamber  with  steel  bands  is  installed  over  the  entire  specimen,  and  a  top  plate  is 
installed.  The  top  plate  is  affixed  to  the  bottom  plate  via  stainless  steel  tie  bars.  The 
bars  hold  the  chamber  firmly  in  place.  The  purpose  of  the  chamber  is  manyfold.  First, 
it  provides  confinement  of  the  experiment  if  the  sand  mold  loses  integrity.  Second,  it 
holds  the  water  that  is  used  to  apply  hydrostatic  pressure  to  the  specimen.  Finally,  it  is 
used  as  a  viewport  to  observe  the  progress  of  the  experiment. 

The  entire  specimen  assembly  is  now  complete.  The  assembly  is  then  raised  to 
the  level  of  the  MTS  load  frame  via  a  forklift.  A  special  work  frame  has  been  built 
onto  the  MTS  load  frame.  This  work  frame  allows  attachment  of  all  connections  to  the 
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specimen  assembly  as  well  as  providing  a  railway  for  installation  and  removal  of  the 
specimen  into  and  from  the  MTS  load  &ame.  The  overall  assembly  is  shown  in  Rgure 
6. 

The  MTS  load  frame  used  for  this  experiment  has  an  axial  capability  of  89  kN 
(20,000  lb),  and  a  torsional  capability  of  565  N-m  (5,0(X)  lb-in)  which  can  be  used 
independently.  This  system  uses  a  Digital  Equipment  Corporation  PDP-11  computer  to 
control  the  servohydraulic  actuators.  The  system  is  closed-loop  so  that  feedback  from 
any  selected  transducer  can  be  used  to  control  the  test. 

Once  the  triaxial  load  frame  has  been  rolled  into  place  over  the  ram  of  the  MTS 
load  frame,  it  is  secured  in  place  by  both  vertical  and  horizontal  clamps  (Figure  1). 
The  hydraulics  for  the  MTS  system  are  turned  on  and  the  MTS  ram  is  raised  to  the 
level  of  the  universal  joint  (Figure  7),  using  displacement  control.  An  air  clamp  (Fig¬ 
ure  8)  that  is  fixed  to  the  top  of  the  MTS  ram  is  then  actuated  and  grips  the  universal 
joint  on  the  bottom  of  the  ram  of  the  triaxial  load  frame.  The  universal  joint  is 
required  to  accommodate  any  misalignment  between  the  ram  of  the  MTS  load  frame 
and  the  ram  of  the  triaxial  load  frame. 

The  first  step  in  the  experimental  procedure  is  to  fill  the  plexiglass  chamber  with 
water  until  the  specimen  is  completely  submerged.  The  remaining  space  above  the 
specim.en  is  pressurized  with  air  to  29AkNiiri^y  which  is  the  same  value  as  the  vacuum 
inside  the  specimen.  During  this  operation  the  vacuum  in  the  specimen  is  released  and 
water  pressurized  in  such  a  manner  as  to  keep  the  effective  pressure  in  the  specimen 
constant,  29AkNim}. 

The  specimen  is  then  v^^ater  saturated  in  the  following  manner.  To  attain  full 
saturation,  first  the  specimen  is  saturated  with  CO 2  gas  through  the  porous  metal  in  the 
pedestal  and  cap.  The  flow  of  gas  is  continued  until  all  air  is  removed  from  the  speci¬ 
men.  CO2  gas  is  used  because  of  its  high  solubility  in  water.  A  fixed  amount,  4  liters, 
of  de-aired  water  is  used  to  saturate  the  specimen.  The  small  amounts  of  air  and  CO 2 
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gas  remaining  in  the  specimen  must  then  be  removed  as  much  as  possible.  The  pore 
water  pressure  is  then  increased  to  196kN/m^  as  back  pressure,  using  a  buret  system, 
while  at  the  same  time  the  external  hydrostatic  pressure  is  increased  to  225AkNim^  so 
as  to  keep  the  effective  pressure  constant  (29AkNim^)  during  this  procedure.  This  pro¬ 
cedure  reduces  the  volume  of  the  excess  gas  in  the  specimen  due  to  the  relatively  high 
pore  water  pressure. 

To  perform  experiments  of  this  type,  it  is  required  that  the  specimen  be  highly 
saturated.  The  degree  of  saturation  is  measured  by  the  B-value.  To  measure  the  B- 
value  the  specimen  must  be  in  the  undrained  condition.  This  condition  is  met  by  clos¬ 
ing  the  valve  to  the  buret,  ensuring  that  the  specimen  remains  at  a  fixed  volume.  The 
specimen  is  said  to  be  perfectly  saturated  (B=l)  if  an  incremental  inaease  in  external 
hydrostatic  pressure  has  the  effect  of  inaeasing  the  pore  water  pressure  in  the  speci¬ 
men  by  an  identical  amount.  The  B-value  is  defined  as  the  ratio  of  the  incremental 
increase  of  pore  water  pressure  to  the  incremental  increase  of  hydrostatic  pressure.  The 
values  for  all  of  our  experiments  are  in  excess  of  0.99. 

The  last  step  of  specimen  preparation  is  to  increase  the  effective  pressure  to 
\96kNim}.  To  do  this,  the  valve  to  the  buret  is  reopened,  allowing  water  to  drain  from 
the  specimen.  The  external  hydrostatic  pressure  is  thereby  increased  to  392kNim^, 
where  pore  water  pressure  is  \96kNim},  A  schematic  diagram  of  the  pressurization 
system  is  shown  in  Figure  9,  Finally,  the  specimen  is  left  undisturbed  in  this  condition 
to  isotropically  consolidate  for  a  period  of  3  hours. 


2.3  Experimental  Procedure  and  Data  Acquisition 

The  MTS  load  frame  has  a  computer-operated  controller  system.  The  computer 
operates  three  independent  controllers.  Each  controller  has  three  independent  feedback 
channels.  Controller  number  one  is  associated  with  the  vertical  movement  of  the 
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MTS/triaxial  load  frame  ram  assembly;  channel  one  is  used  to  monitor  the  load  from 
the  torque  load  cell,  whereas  channel  two  is  used  to  monitor  the  vertical  displacement 
of  the  specimen.  Channel  three  is  not  used  with  any  controller.  Controller  number  two 
is  associated  with  the  pressure;  channel  one  is  used  to  monitor  the  chamber  pressure, 
and  channel  two  is  used  to  monitor  the  pore  water  pressure,  .  Controller  number 
three  is  associated  with  the  twist  of  the  ram  assembly;  channel  one  monitors  the  torque 
from  the  torque  load  cell  and  channel  two  monitors  the  angle  of  twist  from  the  poten¬ 
tiometer. 

The  experiment  is  conducted  by  using  two  closed-loop  feedback  systems.  System 
one  uses  channel  one  of  controller  one  in  load  control  to  keep  the  specimen  in  a  state 
of  hydrostatic  compression  in  accord  with  the  external  pressure,  P^.  The  second  feed¬ 
back  system  uses  channel  two  of  controller  number  three  in  displacement  control  to 
cyclically  twist  the  specimen  to  desired  shear  strain  amplitudes  and  at  desired  shear 
strain  rates.  The  imposed  cyclic  angular  displacement  which  produces  the  applied  shear 
strain,  has  a  triangular  time  variation  with  constant  strain  rate,  2/3  %/minute  over  each 
quarter  cycle.  Shear  strain  amplitudes  are  0.2%,  0.5%,  and  1.0%  for  both  loose  and 
dense  specimens.  Tests  at  0.4%  and  2.0%  shear  strain  amplitudes  are  performed  on 
dense  specimens.  All  tests  are  continued  until  the  excess  pore  water  pressure  reaches 
95%  of  the  initial  effective  pressure,  i.e.,  ISS.lkNim^.  In  actuality,  the  tests  are 
stopped  at  the  end  of  the  cycle  after  which  transducer  two  of  controller  two  (pore  pres¬ 
sure  transducer)  reaches  a  value  of  3S2.2kNlm\  This  entire  process  is  defined  as  the 
first  loading. 

The  valve  to  the  buret  is  then  opened  and  the  pore  water  pressure,  P, ,  is  reduced 
to  its  initial  value  of  l96kNim\  The  specimen  is  not  disturbed  for  three  hours  for 
reconsolidation  purposes.  The  valve  to  the  buret  is  closed  and  then  the  exact  pro¬ 
cedure  for  the  first  loading  is  repeated.  This  is  then  called  the  second  loading.  After 
the  second  loading,  the  experiment  is  disassembled.  Care  is  taken  to  remove  the  sand 
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from  the  specimen  and  place  it  in  an  oven  for  drying.  The  sand  is  dried  for  24  hours 
and  then  weighed. 
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Figure  1.  Triaxial  load  frame 
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Figure  2.  Panicle  size  distribution  curve 
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Figure  5.  Specimen  under  applied  v  cuum  with  torque  load  cell  and  potentiometer 
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Figure  6.  Overall  assembly  of  MTS  and  triaxial  load  frame 


Figure  7.  Universal  joint 


Figure  8.  Air  clamp 
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Figure  9.  Schematic  diagram  of  air  pressure  and  water  supply  system 
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3  EXPERIMENTAL  RESULTS 
3.1  First  Loading 

The  results  of  die  first  loading  for  both  loose  and  dense  sanjdes  are  presensad  in 
diis  section.  Hrst,  we  discuss  the  shear  defosmanon  dsaracienstics  of  water 
saturated  ^lecimais  in  strain-controlled  coiditiocs.  Second,  we  examine  the  idaiioo 
between  die  external  work,  measured  per  unit  volume,  and  die  coaespooSng  excess 
pore  water  pressure. 

All  our  expoiments  are  under  a  strain-controlled  omditioa.  This  is  in  coocast  to 
roost  other  researchers  who  have  conducted  the  undraiiied  cyclic  shear  tests  under 
stress-controlled  conditions;  sec,  for  cxan^ile,  Ishihara  and  Yasida  (1975),  Seed 
(1979),  and  Tatsuoka  et  al.  (1982).  figure  10  shows  the  relatimi  between  the  sl^ar 
strain  and  the  effective  pressure  for  loose  samples,  for  two  strain  an^litudes,  0.2%  and 
1.0%.  It  is  seen  that  the  effective  pressure  decreases  during  each  cycle.  The  leductitMi 
after  the  first  cycle  is  especially  large.  It  is  also  seen  that  the  number  of  cycles 
required  for  the  excess  pore  pressure  to  attain  95%  of  the  initial  effective  pressure, 
depends  on  the  employed  strain  amplitude:  27  cycles  are  needed  fc*r  0.2%,  and  only  2 
cycles  for  1.0%  strain  amplitude,  figure  11  shows  the  relation  between  the  shear 
stress  and  the  effective  pressure,  while  figure  12  is  for  the  corresponding  shear  stress 
vs.  the  shear  strain.  It  is  seen  that  the  peak  shear  stress  (and  the  secant  modulus) 
decreases  after  each  cycle. 

The  energy  supplied  through  the  external  work  is  mainly  consumed  by  the  fric¬ 
tional  loss  at  contacting  granules,  resulting  in  a  change  of  the  microstructure  in  the 
granular  mass.  Therefore,  the  external  work  may  be  used  to  measure  the  history  of 
fabric  change  in  a  granular  mass. 

The  rate  of  external  work  per  unit  volume,  <  we  >,  ca.»’  be  evaluated  in  terms  of 
the  applied  boundary  tractions,  t,  and  the  boundary  velocity  field,  6, 


«&£££  dm!  doBSXss  dos  E£Eaie«--p>)ods!ti:s,  sM  SD  is  Ese  ixwEiifey  of  die  :Bsro?S£  docnaCT  D. 
If  ws  ssssHHis  i&H  ^  bocssSssy  EE3rdoQS  ssc  ur^oTm^  liiea  (3.1)  cs3  oe  expressed  ia 
KEIEBS  of  ESS  OVCbZI  SSEgSSgS  SEUd  SEE^  ISESS  2S  (HHl,  1963,  1967) 


<*£>  =  <<?_><£_  >-r<<r,y  ><i^  >-S-<<^  ><£»>-=- <<?ss  ><■&*>.  (3.2) 

Since  sis  spedniea  is  isoSEoiikaily  psessEgized  bv  die  exumsl  fgessige,  EimKisbo^iii 
ilie  cxpamasm,  aH  die  ifesec  sscmpl  ssiesses  equal  /*,-  DesKSiag  dse  avcsage  vc^uaiearic 

sEsain  laie  by  — ,  (3.2)  caa  be  reclines  as 

<V£>  =  f',  (<£_>-r<4,>'r<£^>)-f<G.6><Y.e>. 

=  F^  ^^<G^e><ie>-  (33) 

Since,  for  ihs  piessae  levels  used  bene,  sand  panicles  and  water  can  be  assumed  to  be 

y 

incompressible,  —  is  zero  during  the  undrained  experiment  if  the  sample  is  completely 

saturated.  The  rate  of  external  work  per  unit  volume  then  becomes 

< >  =  < o-e >< Yse > -  (3.4) 

The  pressure  term  does  not  contribute  to  the  rate  of  external  work  for  incompressible 

materials,  as  is  evident  at  the  outset  The  external  work  per  unit  volume,  <  wv  >,  up  to 
time  r  can  then  be  evaluated  by  the  rime-integration  of  (3.4), 

S 

<  >  =  J  <  Ojb  >  <  Yie  >  4f  .  (3.5) 

'o 

where  lo  denotes  the  time  at  which  the  experiment  is  started. 

The  external  work  is  calculated  from  the  experimental  results,  and  correlated  with 
the  accumulated  pore  water  pressure  for  both  loose  and  dense  specimens.  The  relation 
between  the  external  work  per  unit  volume  and  the  excess  pore  water  pressure  for  the 
loose  specimens  is  shown  in  Figure  13.  Three  strain  amplitudes,  0.2%,  0.5%  and 
1.0%,  are  used  here,  'fhe  data  at  the  end  of  each  cycle  in  each  experiment  are  plotted 
in  Figure  13.  It  is  clearly  seen  that  there  exists  a  unique  nonlinear  relation  between 
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die  exasosd  wosk  sssd  list  atxcnEilared  pose  wzier  jHCSSiiie;  ibis  lelanon  is  indq^ndent 
of  die  einplq>Td  sfesar-ssrac  an^linsde,  hn  the  number  of  chicles  to  die  95%  irnda] 
effective  pgessuie  does  depead  on  die  strain  an^liiude. 

The  idadoc  between  external  work  per  unit  volume  and  tbe  excess  pore  wato* 
pressure  for  dense  specimens  is  ^town  in  Hgure  14.  Hve  diffeient  strain  amplitudes, 
0.2%,  0.4%,  0.5%,  1.0%  and  2.0%,  are  en^Iqyed.  It  is  cleaily  seen  diat  here  again  a 
unique  nonlinear  leladmi  exists  between  the  external  wrcnk  and  tbe  accumulated  pore 
water  pressure 

To  fiiitber  expkue  this  interesting  phenomenon,  randomly  varying  shear-strain 
amplitudes  up  to  1.0%  are  applied  to  a  specimen.  The  relation  between  the  shear  strain 
and  the  effective  pressure  is  shown  in  Hgure  15.  The  relation  between  the  external 
work,  and  the  excess  pore  water  pressure  for  this  random  loading  is  also  included  in 
Hgure  14,  where  the  accumulated  pore  pressure  at  zero  shear  strain  is  plotted  against 
the  corresponding  external  work.  It  is  seen  that  the  randomness  in  loading  does  not 
affea  the  unique  nonlinear  relation  between  these  two  quantities. 

The  effect  of  specimen  density  on  the  above-studied  relation  is  now  considered. 
It  is  seen  that  both  the  l^ose  and  dense  specimens  in  first  loading  display  a  unique 
relation  between  the  external  work  and  the  corresponding  excess  pore  water  pressure. 
The  two  curves  are  compared  in  Figure  16.  They  essentially  coincide  up  to  130)W/m^ 
pore  water  pressure,  i.e.,  65%  of  the  initial  effective  pressure.  A  significant  difference 
appears  thereafter,  with  the  loose  samples  developing  higher  pore  pressure,  as  should 
be  expected. 


3.2  Second  Loading 

The  experimental  results  for  the  second  loading  for  both  loose  and  dense  speci¬ 
mens  are  presented  in  this  section.  After  the  first  loading  discussed  in  the  previous 
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sahsecdon,  specimens  are  reconsolidaied  under  die  same  initial  effective  piessuie, 
l96iHlm\  as  in  die  first  loading.  The  second  loading  is  dies  applied  to  the  specimens. 
Hist,  we  discuss  die  results  where  the  strain  an^litude  in  the  second  loading  is  die 
same  as  that  in  the  first  loading.  Then,  we  examine  the  results  where  the  strain  an^Ii- 
tude  in  die  seccmd  loading  is  different  from  the  one  in  the  first  loading. 

The  shear  deformation  characteristics  in  the  second  loading  are  compared  with  the 
results  of  the  first  loading.  Hgure  17  shows  the  first  two  cycles  of  the  relation  between 
die  shear  strain  and  the  effective  pressure  in  both  the  first  (solid  curve)  and  second 
(dotted  curve)  loading  for  a  dense  specimen  deformed  at  a  strain  amplitude  of  0.5%.  It 
is  seen  that  the  excess  pore  water  pressme  accumulated  during  the  second  loading  is 
much  less  than  that  in  the  first  loading,  and  the  number  of  cycles  required  to  reach 
95%  of  the  initial  effective  pressure  in  the  second  loading  is  much  greater  than  that  in 
the  first  loading. 


Rgure  18  is  a  direct  comparison  of  the  pore  water  pressure  variation  in  loose  and 
dense  specimens,  deformed  at  a  strain  amplitude  of  0J%.  It  is  clearly  seen  ‘hat  it 
takes  a  greater  number  of  cycles  for  the  pore  water  pressure  to  reach  a  specified  level 
in  the  second  loading  than  it  does  in  the  first  loading,  for  both  cases.  This  is  due  to  the 
ordered  arrangement  of  the  granules,  attained  upon  the  completion  of  the  first  loading. 
Specifically,  the  contact  normals  tend  to  be  oriented  after  the  first  loading  such  that  the 
specimen  is  better  able  to  resist  a  similar  shearing.  Another  trend  to  notice  is  that  the 
pore  water  pressure  builds  up  faster  during  the  first  loading  of  the  dense  specimen 
than  it  does  in  the  second  loading  of  the  loose  specimen.  This  is  also  explained  by  the 
oriented  contact  normals,  despite  the  large  difference  in  densities.  These  trends  are 
seen  in  all  our  results  when  we  compare  the  behavior  of  loose  and  dense  specimens 
deformed  at  a  constant  strain  amplitude.  It  should  be  noted,  however,  that,  in  a 
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strain  amplitude.  This  prevents  extensive  panicle  rearrangement  which  often  occurs  in 
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stress-controlled  tests,  once  sufficiently  high  pore  pressures  are  attained;  see  Nemat- 
Nasser  and  Tobita  (1982). 

The  relation  between  the  external  work  per  unit  volume  and  the  excess  pore  water 
pressure  in  the  second  loading  will  now  be  presented.  Hguies  19  and  20  show  this  for 
loose  and  dense  specimens,  respectively.  There  are  no  significant  differences  up  to 
half  the  initial  effective  pressure.  However,  after  that,  the  relation  in  the  second  load¬ 
ing  seems  to  depend  on  the  en^loyed  strain  amplitude,  although  this  same  relation  in 
the  first  loading  does  not  Hgures  21  and  22  show  the  relation  between  the  excess 
pore  water  pressure  and  the  employed  strain  amplitude  for  loose  and  dense  specimens, 
respectively. 

To  understand  why  the  relation  between  the  pore  water  pressure  and  the  supplied 
work  per  unit  volume  is  independent  of  the  strain  amplitude  in  the  first  loading  but  not 
in  the  second  loading  of  the  same  sample,  we  observe  that  for  the  same  density,  the 
sample  packing  is  the  same  for  all  samples  at  the  start  of  the  first  loading,  whereas  at 
the  start  of  the  second  loading  each  sample  has  experienced  a  different  stress  and 
strain  history  during  its  first  loading  with  a  strain  amplitude  different  from  the  other 
samples.  It  is  still  not  clear  whether  the  strain  amplitude  used  in  the  first  loading 
affects  the  relation  between  external  work  and  the  excess  pore  water  pressure  in  the 
second  loading.  In  order  to  investigate  the  true  effect  of  the  strain  amplitude  during 
the  second  loading,  the  specimens  are  subjected  to  cyclic  loading  at  several  different 
strain  amplitudes,  and  then  the  second  loading  is  performed  for  each  specimen  at  the 
same  common  strain  amplitude.  The  results  are  shown  in  Figures  23  and  24.  It  is 
clearly  seen  that  the  stress  and  strain  history  in  the  first  loading  does  not  affect  the 
relation  between  the  external  work  and  the  excess  pore  water  pressure  in  the  second 
loading,  i.e.,  this  relation  in  the  second  loading  depends  on  the  strain  amplitude 
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Figure  10.  Relation  between  shear  strain  and  effective  pressure  in  first  loading  of 
loose  specimens;  strain  amplitudes  are  0.2%  and  1.0% 
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Figure  11.  Relation  between  shear  stress  and  effective  pressure  in  first  loading  of 
loose  specimens;  strain  amplitudes  are  0.2%  and  1.0% 
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Figure  12.  Relation  between  shear  stress  and  shear  strain  in  first  loading  of  loose 
specimens;  strain  amplitudes  are  0.2%  and  1.0% 
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Figure  14.  Relation  between  external  work  per  unit  volume  and  excess  pore  water 
pressure  in  first  loading  of  dense  specimens 


Figure  15.  Relation  between  shear  stress  and  effective  pressure  in  first  loading  of 
dense  specimen  subjected  to  random  torsional  loading 
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Figure  17.  Relation  between  shear  strain  and  effective  pressure  in  first  and  second 
loading  of  dense  specimen  whose  strain  amplitude  is  0.5% 
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Figure  19.  Relation  between  external  work  per  tmlt  volume  and  excess  pore  water 
pre.s.surc  in  second  loadinjj  of  loose  spcclmeits  where  strain  amplitude  used  In  second 
loading  is  the  same  as  iit  first  loading 
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Figure  20.  Relation  between  external  work  per  unit  volume  and  excess  pore  water 
pressure  in  second  loading  of  dense  specimens  where  straiit  luttplltudc  usea  in  second 
loading  is  the  same  us  in  first  loading 
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Figure  21.  Contours  of  external  work  per  unit  volume  In  relation  between  exeess  pore 
water  pressure  attd  shear  strain  amplitude  in  second  loading  of  loose  specimetts 
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Figure  22.  Contours  of  extcniul  work  )er  unit  volume  in  relation  between  excess  pore 
water  pressure  and  shear  strain  amplituc  e  in  second  loading  of  dense  specimens 
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Figure  24.  Relation  between  external  work  and  excess  jwre  water  pressure  in  second 
loading  of  dense  specimens  where  strain  amplitude  used  in  second  loading  is  different 
from  that  used  in  first  loading 
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4.  THEORETICAL  MODELING 

4.1  &iargy  Disapaticm  in  Granular  Media 

In  the  present  context,  the  external  work  diat  is  supplied  at  constant  tanperature 
to  a  material  san^le  is  either  dissipated  through  friction  or  is  stored  in  the  material  as 
strain  oiergy.  The  relation  between  the  external  work  and  the  internal  dissipation  pro¬ 
vides  a  basic  constitutive  constraint  for  die  flow  of  granular  media;  Rowe  (1962).  For 
stress  levels  considered  in  our  experiments,  essentially  the  entire  external  work  is  dissi¬ 
pated  by  slip  between  contacting  granules,  and,  hence,  very  litde  is  stored  in  the 
granules  and  the  fluid  as  strain  energy;  Schofield  and  Wroth  (1968).  In  this  section, 
energy  dissipation  in  granular  media  is  tnicromechanically  modeled,  and  is  related  to 
the  pore  pressure  built  up  in  cyclic  shearing  of  saturated  undrained  samples. 

We  consider  the  low-sirain-rate  shear  loading  of  a  granular  mass  that  occupies 
spatial  region  D  of  volume  V.  The  region  a  within  D  is  occupied  by  the  granules, 
whereas  D  -  Q  is  occupied  by  water  (the  specimen  is  saturated).  The  rate  of  external 
work  per  unit  volume  is  expressed  in  terms  of  the  boundary  tractions  x,  and  the  boun¬ 
dary  velocity  field  u,  by 

<  W£(0  T  (x,  V,  /)  .  u(x.  /)  dS{x) .  (4.1) 

The  tractions  t  relate  to  the  exterior  unit  normal  v  on  dD  by 

x(\,  V,  t)  =  a(x.  i)  .  v(x.  0  ,  (4.2) 

where  cr  is  some  stress  field  in  equilibrium  with  the  applied  tractions;  Hill  (1967). 
Using  (4.2)  in  (4.1),  we  have 

<  >^£(0  J  ^  ^  ■  (^-3) 

To  apply  the  Gauss  theorem,  we  note  that  for  granular  materials,  slip  at  contacting 
granules  renders  the  velocity  field  discontinues  there.  Therefore,  the  Gauss  theorem 
cannot  be  directly  applied  to  (4.3).  The  velocity  jumps  at  contacting  granules  must  be 
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included.  Suppose  that  there  are  N  slip  surfaces  in  Z>  at  contacting  granules  at  time  L 
Let  5®  be  the  area  on  which  the  a’th  slip  occurs.  Then,  the  velocity  field  is  discontinu- 

N 

ous  on  5^  j®  where  velocity  jumps  [  a  1  take  place;  here  we  define  the  jump  by, 

1«(5.0]=  Ihn  a(x^r)-lini  (4.4) 

N 

The  velocity  field  is  therefore  dififerendable  everywhere  except  on  Y,  Now,  we 

N 

consider  a  surface  S  shown  in  Rgure  25,  which  included  the  slip  surface  5®  in  £>  at 

0=1 

time  t,  we  let  5^  5®  c S,  and  which  divides  region  D  into  M  subregions  D**  =  D. 

<*=i 

We  apply  the  Gauss  theorem  to  each  subregion  to  arrive  at 

X  f  ^  =  i  J  ((V  .  o)  .  i  +  a:Vi)dV,  (4.5) 

where  denotes  the  boundary  of  subregion  dK  Using  the  equilibrium  equation  with 
no  body  and  inertia  forces,  we  have 


V  .  a  =  0. 

(4.6) 

The  symmetry  of  the  stress  tensor  gives 

a  =  a^. 

(4.7) 

Then  (4.5)  yields 

■J-  X  J  X  .  i4S  =  -^  X  J  oizdV  , 

M  aoP  P=i  off 

(4.8) 

where 

e  =  -i(Vd  +  (Vu)’') 

(4.9) 

is  the  strain-rate  tensor. 


We  consider  the  left-hand  side  of  (4.8),  and  note  that 


X  X.  V,  /  )  =  3D  (  X,  v, ;  )  +  S*(  \,v,i  )  +  5"(  x.  v,  r  ) , 

p=i 


(4.10) 
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wherc  S*  and  S~  arc  opposite  faces  of  the  same  surface  5,  i.e., 

5*(x.v./)=  5-(x.-v,/).  (4.11) 

Using  (4.10),  the  left-hand  side  of  (4.8)  becomes 

J  X  .  i 4S  =  X  .  ids  +  j  X  »  udS  +  j  X  .  mdS).  (4.12) 

P=JaDp  ^  £d  s*  S' 

Since  the  surface  tractions  x  satisfy 


x(x.v. /)  =  -x(x.-v. r ).  (4.13) 

N 

the  second  and  the  third  terms  in  (4.12)  cancel  out  for  any  x  e  ( 5  -  r° ),  where  the 

C^l 

velocity  field  is  continuous.  Equation  (4.12)  then  becomes 

j  x.idS  =  ^(jx.idS-Zjx^[i]dS).  (4.14) 

aoP  ^  /a 

and  (4.8)  reduces  to 


u4S  =  -^(fa:e4K  +  f;Jx.[u]4S). 

^  D  0=1  ,o 


(4.15) 


The  first  and  second  terms  in  the  right-hand  side  of  (4.15)  are  the  strain  energy  and  the 
frictional  energy  terms,  respectively.  The  strain  energy  in  (4.15)  can  be  decomposed 
to  the  strain  energy  for  granules  and  for  water,  leading  to 


—  \x>idS=  —  {{o:idV+  |  a  :  i  dV  + x  .  [m  ]  dS  ) ,  (4.16) 

^  do  *'  u  0=l/o 

which  is  the  energy  dissipation  equation  for  saturated  granular  media. 


4.2  Formulation  of  Frictional  Energy  Loss 

In  this  section,  we  formulate  the  frictional  energy  term  in  (4.16)  as  a  linear  func¬ 
tion  of  the  effective  pressure  P.  The  unit  contact  normal  to  a  slip  plane  and  the  unit 
vector  in  the  slip  direction  are  denoted  by  n  and  s,  respectively.  The  traction  x  on  the 

N 

slip  surface  5“  in  D ,  is  decomposed  as 
0=1 
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T  (  X,  n,  /  )  =  A  X.  O  s(  X,  /  )  + 1*(  X,  r  )  n(  X,  /  ),  (4.17) 

where  t*  and  x*  are  the  normal  and  shear  components  of  the  tractions,  respectively. 
Now,  we  assume  that  the  velocity  jump  has  only  a  shear  component, 

[ « ]( X.  / )  =  [ «  ]( X.  t )  s{  *.  t )  -  (4.18) 

Using  (4.17)  and  (4.18),  the  frictional  energy  term  in  (4.16)  becomes 

7  i  J  t(x.  t)  .  [  i  ](x,  t)  dS(x)  =  Z  J  ^(*.  0  [ «  l(x.  /)  dS(x).  (4.19) 

N 

Denote  the  effective  frictional  coefficient  on  Z  (x.  0-  Then  the  shear  com- 

0=1 

ponent  x*  is  expressed  in  terms  of  the  normal  component  x“  and  the  effective  frictional 
coefficient  as 

x*(  X,  O  =  ti(  X.  / )  x*(  X.  / ) .  (4.20) 

Substitution  from  (4.20)  into  (4.19)  yields 

7Z  /  t(x./)  .  [u](x.04S(x) 

=  V  i  J  ti(x.  /)  X*(x.  /)  [  u  ](x.  /)  dS{x) .  (4.21) 

“=•  s’^xM.n 

Since  the  granules  carry  the  effective  pressure  through  intergranular  frictional  contacts, 

N 

it  is  reasonable  to  assume  that  the  normal  tactions  x*  at  a  slipping  contact  in  2  ^re 

0=1 

linearly  dependent  on  the  effective  pressure  P, 

x‘(x,t  )  =  t)P(t),  (4.22) 

where  S'  is  a  scalar-valued  function  defined  at  points  where  slip  occurs.  In  general,  'P 
depends  on  the  size  of  the  granules,  the  packing,  the  loading  condition,  and  other 
relevant  factors.  Then  (4.21)  yields 

Z  I  ■'(*•  0  •  [  u  ](x,  t)dS(x) 

=  7  Z  J  ti(x.  0  '¥{%,  i)  Pit)  [  u  ](x.  I)  dS{x) .  (4.23) 

0=1 

Since  the  effective  pressure  P(t)  is  not  a  function  of  x,  we  obtain 
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J  x(*.0  •  [uKx.04S(x) 

0-1  /“(W) 

=  ( 7  E  J  4(*.  0  m  0  [ «  ](x.  0  4S(X) )  p(0  (4.24) 

^<c(0>P(0.  (4.25) 

where 

<  c (0  >  =  -^  Z  J  1^*-  0  ^(*.  0  [  a  ](x.  /)  (x) .  (4.26) 

Since  a  negligibly  small  part  of  the  rate  of  external  work  is  stored  in  the  granules 
and  water  at  stress  levels  considered  in  our  experiments,  the  strain  energy  terms  for 
granules  and  water  in  (4.16)  is  negligibly  small  compared  with  the  friction  term.  We, 
therefore,  set 

<e>  =  -^([c:e4V'+  f  a:idV  ) .  (4.27) 

^  Q  D-O 

Then,  the  energy  dissipation  in  granular  media  becomes 

ft.  u<iS=<c>P+<e>.  (4.28) 

3D 


4.3  Cyclic  Torsional  Loading 

The  energy  dissipation  for  a  cyclic  torsion  test  performed  on  a  hollow  cylindrical 
specimen  is  now  considered.  Experiments  are  performed  under  undrained  conditions. 
The  shear  strain  is  cyclically  applied  to  the  isotropically  consolidated  specimen,  as 
described  in  Section  3.  The  rate  of  external  work  per  unit  volume  under  these  condi¬ 
tion  is  expressed  in  terms  of  the  average  stresses  and  strains  as 


—  J  t(x.  V,  t)  .  u(x,  t)dS  =<  a,e(0  >  <  ie(0  >  ■ 

Equation  (4.28)  yields 


(4.29) 


<  a,e(0  >  <  7«e(0  >  =  <  c{t)>  P{t)  +  <  e{i)>  . 


(4.30) 


-42- 


Consider  the  energy  per  cycle.  Integrating  (4.30)  over  the  n’th  cycle,  we  have 

/  <cr,e(0><T«e(0>4t  =  J  <  c{t)> P(t)  dt  +  j  <e(t)>dt  ,  (4.31) 

where  u  denotes  the  time  at  which  the  n’th  cycle  is  completed.  Decomposing  (4.31) 
by  pulling  P  outside  of  the  integral  and  accounting  for  the  resulting  error  by  the  addi¬ 
tion  of  a  term  denoted  by  e,,  we  arrive  at 

fi  U 

J  <  a,e(0  >  <  Y,6(0  >  =  P,  j  <c{t)>  di +  j  <e(t)>dt  ,  (4.32) 

'■-1  'm-I  '»-l 

where  P,  is  the  average  effective  pressure  in  the  n’th  cycle  given  by 

P,  =  -—^jP(t)dt.  (4.33) 

If  the  effective  pressure  changes  only  slightly  in  the  n’th  cycle,  the  error  e,,  is  small. 
Summing  (4.32)  over  all  cycles  up  to  the  k’th  cycle,  we  now  have 

X  J  <  <y.9(0  >  <  Y.eCO  >  =  X  ( J  <c(0  ><*+£.+  J  <<;(/)  >40.  (4.34) 

»«i  «,.i  "=i  1,-1 

Finally,  (4.34)  is  written  as 

'*  't  '*  t  't 

j  <  a,e{t)  >  <  7i0(r)  >dt  =  — J  <  c{i)  >d(  j  P{t)dt  +X  +  J  <  e{t)  >dt,  (4.35) 

1q  ^  ^  ^0  ^0  w— I  (q 

'a 

=  C*JP(04/.  (4.36) 

*0 

where 


t  Jt 

C*  =  — —  \  <c>dt+{'^E, +  \<e>dt)/\Pdi.  (4.37) 

~  'o  «0  "=>  '0  'o 

Equation  (4.36)  represents  the  energy  dissipation  up  to  the  k’th  cycle.  C*  will  be 
called  the  energy  dissipation  coefficient.  It  is  regarded  as  representing  the  microstruc- 
tural  arrangement  of  the  granular  mass  at  each  instant. 

The  coefficient  C*  in  (4.36)  can  be  estimated  experimentally.  Its  variation  is  plot¬ 
ted  against  the  number  of  cycles  in  Figures  26  and  27  for  loose  and  dense  specimens, 
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respectively,  and  against  the  excess  pore  water  pressure  in  Figures  28  and  29.  These 
results  show  that  Q  is  nearly  constant  throughout  the  experiment  when  a  constant 
strain  amplitude  is  cyclically  applied  to  the  specimen.  There  is  only  a  small  difference 
in  the  C* -value  between  the  first  and  second  loading,  even  though  there  exists  a  large 
difference  in  the  corresponding  number  of  cycles.  These  results  suggest  that  C*  does 
not  depend  on  the  strain  history,  but  does  depend  on  the  strain  amplitude.  The  relation 
between  Q  and  the  strain  amplitude  for  both  loose  and  dense  specimens  is  gi'ren  in 
Figure  30.  It  is  seen  that  C*  depends  on  the  strain  amplitude  and  density,  but  not  on 
the  strain  history. 

From  these  results,  it  seems  reasonable  to  assume  that,  at  constant  density  and 
strain  amplitude,  C*  is  a  constant,  say,  C,  related  to  the  internal  work  per  unit  volume 
of  a  given  granular  mass.  It  can  be  evaluated  experimentally,  as  long  as  the  same 
strain  amplitude  is  cyclically  applied  to  the  specimen.  The  C -values  shown  in  Figure 
30  are  used  to  calculate  the  internal  work  per  unit  volume  at  the  end  of  each  cycle, 
and  these  results  are  plotted  in  Figures  31-34  along  with  the  corresponding  external 
work.  Clearly,  the  data  points  match  closely  in  each  case. 

These  results  show  that  energy  dissipation  in  granular  media  for  cyclic  torsional 
loading  can  be  expressed  in  terms  of  the  time  history  of  the  effective  pressure,  along 
with  a  constant  C -value  which  depends  on  the  strain  amplitude  and  density  only. 


4.4  Random  Torsional  Loading 

Energy  disspation  for  a  torsional  loading  test  in  which  the  shear  strain  is  applied 
randomly  (rather  than  cyclically),  is  studied  as  an  application  of  the  above  results.  The 
experiments  are  performed  using  dense  specimens.  Shear  strains  are  applied  to  a 
specimen  at  randomly  varying  strain  amplitudes,  but  at  a  constant  shear  strain  rate  over 
each  quarter  cycle.  The  relation  between  the  shear  strain  and  the  effective  pressure  in 
the  first  loading  is  shown  in  Figure  15  ar*’  examined  in  Section  3.2.  The  same 


relation  in  the  second  loading  is  shown  in  Figure  35. 


Since  C -values  are  essentially  independent  of  the  strain  history,  as  discussed  in 
Section  4.3,  the  energy  balance  for  a  random  torsional  loading  gives,  upon  modifying 
(4.36), 


Y.6(0  >  dl  =£c,jp<ii. 

i-l  li-i 


(4.38) 


where  /,  is  the  time  of  the  i’th  zero  shear  strain,  and  C,  is  the  i’th  C-value.  The  value 
of  C;  is  determined  as  follows.  First,  the  maximum  shear  strain  between  /,_i  and  t,  is 
found.  Then,  the  C-value  corresponding  to  the  shear  strain  is  obtained  from  Figure  30 
which  shows  the  relation  between  the  C-value  and  the  shear  strain  amplitude  (dashed 
line). 

The  internal  work  per  unit  volume  is  calculated  from  the  right-hand  side  of 
(4.38),  using  experimental  results.  It  is  displayed  in  Figure  36  along  with  the  external 
work  per  unit  volume.  These  two  quantities  are  in  excellent  agreement,  which  tends  to 
support  the  validity  of  (4.38). 


0.50 


-46- 


Figure  26.  Changes  of  C*  against  number  of  cycles  in  first  and  second  loading  of 
loose  specimens 
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Figure  27.  Changes  of  C*  against  number  of  cycles  in  first  and  second  loading  of 
dense  specimens 
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Figure  28.  Changes  of  C*  against  excess  j^Kjre  water  pressure  in  first  and  second  load 
in'g  of  loose  specimens 
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Figure  29.  Changes  of  Q  against  excess  pore  water  pressure  in  first  and  second  load' 
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Figure  30.  The  C -values 
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Figure  31.  Relation  between  external  work  and  calculated  internal  work  in  first  load 
mg  or  loose  specimens 


OT 


-52- 


anmoA  iiNn  yad  yyoM 


Figure  32.  Relation  between  external  work  and  calculated  internal  work  in  second 
loading  of  loose  specimens 
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Figure  33.  Relation  between  external  work  and  calculated  internal  woric  in  first  load¬ 
ing  of  dense  specimens 
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Figure  35.  Relation  between  shear  stress  and  effective  pressure  in  second  loading  of 
dense  specimen  subjected  to  random  torsional  loading 


Dense  specimen 
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Figure  36.  Relation  between  external  work  and  calculated  internal  work  in  first  and 
second  loading  of  dense  specimen  subjected  to  random  torsional  loading 
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5.  DISCUSSION 

Energy  dissipation  in  die  flow  of  cohesionless  granular  medi?.  is  considered  in  diis 
repmt  A  theoretical  formulation  is  proposed  in  Sectimi  4  based  rai  a  simple 
micromechanical  modeL  The  internal  work  for  t^clic  torsional  loading  is  shown  to 
depend  on  the  time  history  of  the  effective  pressure  and  an  eiqierimentally  obtainable 
parameter  C.  The  results  of  a  series  of  experiments  show  diat  C  depends  on  the  strain 
amplitude  and  density,  but  is  essentially  independent  of  the  stress  or  strain  history.  On 
the  other  hand,  the  effective  pressure  clearly  depends  on  the  strain  history,  as  shown 
by  the  large  difference  in  the  number  of  cycles  between  the  first  and  second  loading 
required  to  attain  the  same  pore  water  pressure.  Therefore,  the  right-hand  side  of 

(4.36)  consists  of  a  strain-history-dependent  part,  j  P  dt,  and  a  strain-history- 

^0 


independent  part,  C. 
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